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SL(2, Z) ACTION ON THREE-DIMENSIONAL CONFORMAL
FIELD THEORIES WITH ABELIAN SYMMETRY
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On the space of three-dimensional conformal field theories with U(1) symmetry and

a chosen coupling to a background gauge field, there is a natural action of the group

SL(2,Z). The generator S of SL(2,Z) acts by letting the background gauge field become

dynamical, an operation considered recently by Kapustin and Strassler in explaining

three-dimensional mirror symmetry. The other generator T acts by shifting the Chern–

Simons coupling of the background field. This SL(2,Z) action in three dimensions is

related by the AdS/CFT correspondence to SL(2,Z) duality of low energy U(1) gauge

fields in four dimensions.
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1. Introduction

In this paper, we will consider objects of the following kind: conformal field
theoriesa in three dimensions that have a U(1) symmetry, with an associated
conserved current J . The goal of the discussion is to show that there is a
natural action of SL(2,Z) mapping such theories to other theories of the
same type. This is not a duality group in the usual sense; an SL(2,Z)
transformation does not in general map a theory to an equivalent one or
even to one that is on the same component of the moduli space of conformal
theories with U(1) symmetry. It simply maps a conformal field theory with
U(1) symmetry to another, generally inequivalent conformal field theory
with U(1) symmetry.

Roughly speaking, we will give three approaches to understanding the role
of SL(2,Z). In Section 3, after explaining how the generators of SL(2,Z) act,
we perform a short formal computation using properties of Chern–Simons
theories to show that the relevant operations do in fact generate an action of
SL(2,Z). In Section 4, for theories in which the current two-point function
is nearly Gaussian, we show directly the SL(2,Z) action on this two-point
function. Finally, in Section 5, we explain the origin of the SL(2,Z) action
from the point of view of the AdS/CFT correspondence.

After submitting the original hep-th version of this paper, I learned that
in the context of fractional quantum Hall systems, essentially the same defini-
tions were made some time ago, and a computation similar to that in Section
4 was performed, by Burgess and Dolan [1]. Their motivation came from
indications [2-8] of a duality group underlying the fractional quantum Hall
effect. More generally, Chern–Simons gauge fields and operations adding
and removing them are extensively used in understanding the quantum Hall
effect. There is an extensive literature on this; an introduction for particle
physicists is [9].

The starting point for the present paper was work by Kapustin and
Strassler [10] on three-dimensional mirror symmetry [11]. Kapustin and
Strassler considered an operation that we will call S, since it turns out to
correspond to the generator

„
0 1
−1 0

«
of SL(2,Z) that usually goes by that

name. The S operation is defined as follows. One gauges the U(1) symmetry,
introducing a gauge field A that is coupled to J . Thus, if the original theory

a In fact, we can extend the definitions beyond conformal field theories to possibly massive theories

obtained by relevant deformations of conformal field theories. However, the transformations of

conformal fixed points are a basic case, so we will phrase our discussion in terms of conformal field

theories.
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has a Lagrangian description in terms of fields Φ and a Lagrangian L, the
new theory has fields Φ and A, and a Lagrangian that is a gauge-covariant
extension of L. (In the simplest case, this extension is just L̃ = L + AiJ

i.)
One defines a new conformal field theory in which A is treated as a dynam-
ical field, without adding any kinetic energy for A. The conserved current
of the new theory is J̃ = ∗F/2π, where F = dA.

The main result of Kapustin and Strassler was to show that (after mak-
ing a supersymmetric extension of the definition) the S operation applied
to a free hypermultiplet gives back a mirror free hypermultiplet, and more-
over that this implies mirror symmetry of abelian gauge theories in three
dimensions.

SL(2,Z) is generated along with S by the matrix
„

1 1
0 1

«
. The relations

they obey are that (ST )3 = 1 and that S2 is a central element whose square
is 1 (this is often described by writing S2 = −1). In the present context,
T corresponds to a rather trivial operation that merely shifts the two-point
function of the U(1) current J by a contact term. Though this operation is
not very interesting by itself, it gains interest because it does not commute
with S. (This is analogous to four-dimensional gauge theories, where [12]
the simple operation θ → θ+ 2π gains interest because it does not commute
with electric-magnetic duality.) This paper is devoted to understanding
from several points of view that the S and T operations defined for three-
dimensional quantum field theories do generate SL(2,Z).b

The T operation is closely related to the possibility of having a Chern–
Simons interaction for gauge fields in three dimensions [15]; in fact, T sim-
ply shifts the Chern–Simons level of the background gauge field. Kapustin
and Strassler in [10] considered Chern–Simons interactions (and also contact
terms in two-point functions) in relation to the S operation. (In terms of
the quantum Hall effect, T is understood [1] as a 2π shift in the statistics of
the charge carriers.)

Since the definition of S using a gauge field without a kinetic energy
seems a bit hazardous at first sight, we may derive some encouragement
from two dimensions, where gauging of WZW models without any kinetic
energy for the gauge fields has been used to describe coset models [16-18]. In

b The partition function computed on a three-manifold Q transforms under SL(2,Z) with a c-

number phase factor that depends only on the topology of Q and not on the specific conformal

field theory under discussion, or its currents. This factor possibly could be removed by modifying

the coupling to gravity or the action of SL(2,Z) by terms involving the gravitational background

only. SL(2,Z) duality of four-dimensional gauge theory involves a somewhat analogous topological

effect [13,14].
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addition, there is an illuminating three-dimensional situation in which the S
operation can be made more concrete. This is the large Nf limit of a theory
of Nf free fermions with U(1) symmetry. The S operation applied to this
theory produces a strong coupling limit of three-dimensional QED that has
been much studied some time ago [19-22] as well as recently [23-25]. In this
example, the current J has almost Gaussian correlation functions. In such a
situation, we show that SL(2,Z) acts by τ → (aτ + b)/(cτ +d), where τ will
be defined later in terms of the two-point function of J . (As noted above,
this essentially duplicates considerations in [1].)

We also show that the SL(2,Z) symmetry has a closely related interpre-
tation in the AdS/CFT correspondence. A U(1) global symmetry in three
dimensions corresponds to a U(1) gauge symmetry in a dual description in
AdS4. In U(1) gauge theory in four dimensions, there is an SL(2,Z) ambi-
guity in what we mean by the “gauge field.” For each choice, we can pick
an associated boundary condition and, by a familiar construction, define a
conformal field theory on the boundary of AdS4 with a conserved current J .
The SL(2,Z) action on conformal field theories on the boundary is induced
from SL(2,Z) duality transformations on the gauge fields in the bulk. This
is analogous to the behavior of scalar fields in AdS space in a certain range
of masses; they can be quantized in two ways [26] leading to two possible
CFT duals on the boundary [27].

In the above summary, we omitted one interesting detail. The definition
of T assumes that we are working on a three-manifold with a chosen spin
structure. In the absence of a chosen spin structure, one could define only T 2,
not T , and accordingly one gets only an action of the subgroup of SL(2,Z)
that is generated by S and T 2. This is dual to the fact [14] that full SL(2,Z)
duality for free abelian gauge fields on a four-manifold requires a choice of
spin structure.

This paper is organized as follows. In Section 2, we review some aspects
of abelian Chern–Simons theory in three dimensions (for more information,
see for example [28]), elucidating details such as the role of a spin structure.
(The rest of the paper can be read while omitting most details in Section 2.)
In Section 3, we define the T operation and demonstrate SL(2,Z) symmetry.
In Section 4, we consider the case that the current is an almost Gaussian
field. And in Section 5, we discuss the duality with gauge fields in AdS4.
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2. Abelian Chern–Simons Interactions In Three Dimensions

2.1. Generalities

For an abelian gauge field A, let F = dA be the field strength, and x = F/2π.
On a compact oriented four-manifold M , in general

∫
M x ∧ x is an integer.

If M is spin, then
∫
M x ∧ x is even.

So J =
∫
M F ∧ F/4π2 is integral in general and is even if M is spin.c In

physical notation, this would often be written

J =
1

16π2

∫
d4x εijklFijFkl. (1.1)

Now consider an abelian gauge field A on an oriented three-manifold Q.
If A is topologically trivial, the Chern–Simons functional of A is simply

I(A) =
1
2π

∫
Q
d3x εjklAj∂kAl. (1.2)

It is important to extend the definition so that it makes sense when A is
a connection on a topologically nontrivial line bundle L, and hence is not
really defined as a one-form. There is a standard recipe to do so. We find a
four-manifold X with an extension of L and A over M . In four dimensions,
εijkl∂i(Aj∂kAl) = 1

4ε
ijklFijFkl, so we replace (1.2) by

IX(A) =
1
8π

∫
X
d4x εijklFijFkl. (1.3)

Now we must understand to what extent this is independent of the choice of
X. If Y is some other four-manifold with an extension of A, and M is the
closed four-manifold built by gluing X and Y along their common boundary
Q (after reversing the orientation of Y so the orientations are compatible),
then

IX(A)− IY (A) = 2π · 1
16π2

∫
M
d4x εijklFijFkl = 2πJ(M). (1.4)

In particular, IX(A)− IY (A) is an integer multiple of 2π.
Thus, exp(iI(A)) is independent of the choice of X and the extension of

A. This is good enough for constructing a quantum field theory with I(A) as

c For spin manifolds, a typical example to keep in mind is M = T × T ′ with T and T ′ being

two-tori and
R

T F =
R

T ′ F = 2π. For example, if T and T ′ are made by identifying boundaries of

unit squares in the x1 − x2 and x3 − x4 planes, respectively, we take F12 = F34 = 2π and other

components zero. One readily computes that in this example, J = 2. This is the smallest non-zero

value of J that is possible on a spin manifold. For a simple example in which M is not spin and

J = 1, take M = CP2 and take F such that
R

U F = 2π, where U is a copy of CP1 ⊂ CP2.
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a term in the action. I(A) is called the abelian Chern–Simons interaction at
level 1. We often write it as in (1.2) even though this formula is strictly valid
only for the topologically trivial case. (All manipulations we make later, such
as integrations by parts and changes of variables in path integrals, are easily
checked to be valid using the more complete definition of the Chern–Simons
functional.)

If, however, Q is a spin manifold (by which we mean a three-manifold with
a chosen spin structure), we can do better. In this case, we can pick X and
Y so that the chosen spin structure of Q extends over X and Y . Accordingly,
M is also spin and hence J(M) is an even integer. Consequently, we can
divide I(A) by two and define

Ĩ(A) =
I(A)

2
=

1
4π

∫
Q
d3x εjklAj∂kAl, (1.5)

which is still well-defined modulo 2π in this situation. On a three-
dimensional spin manifold, the “level one-half” Chern–Simons interaction
Ĩ(A) is the fundamental one.

2.2. A Trivial Theory

There are a few more facts that we should know about abelian Chern–
Simons gauge theory in three dimensions. Consider a theory with gauge
group U(1)× U(1) and two gauge fields A and B, and with action

I(A,B) =
1
2π

∫
Q
d3x εjklAj∂kBl. (1.6)

The extension to a topologically non-trivial situation in such a way that
I(A,B) is well-defined mod 2π is made just as we did above for the case
of a single gauge field. No choice of spin structure is required here. This
theory has no framing anomaly because the quadratic form used in writ-
ing the kinetic energy has one positive and one negative eigenvalue; if it is
diagonalized, the two fields with opposite signs of the kinetic energy make
opposite contributions to the anomaly.

We claim, in fact, that this precise theory with two gauge fields is com-
pletely trivial. One aspect of this triviality is that the Hamiltonian quantiza-
tion of the theory is trivial, in the following sense: if the theory is quantized
on a Riemann surface Σ of any genus, then the physical Hilbert space is
one-dimensional, and the mapping class group of Σ acts trivially on it. We
will call this property Hamiltonian triviality.
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Assuming Hamiltonian triviality for the moment, we will prove another
property that we might call path integral triviality: the partition function
Ẑ(Q) of the theory on an arbitrary closed three-manifold Q is 1. (We call
this partition function Ẑ as we will use the name Z for a different partition
function presently. The partition function is a well-defined number because
the framing anomaly vanishes, as noted above.) First, for Q = S2×S1, Ẑ(Q)
is the dimension of the physical Hilbert space on S2, and so is 1 according
to Hamiltonian triviality.

Since S2 can be built by gluing together two copies of a disc D along
their boundary, S2 × S1 can be built by gluing together two copies E1 and
E2 of D×S1. The boundary of E1 is a two-torus F = S1×S1. By making a
diffeomorphism S of F before gluing E1 to E2 (the requisite diffeomorphism
corresponds to the modular transformation S : τ → −1/τ exchanging the
two S1 factors in F ), one can build S3.

From these facts we can prove that Ẑ(S3) is also 1. In fact, the path
integral on E1 computes a vector ψ1 in the physical Hilbert space HF of F ,
and the path integral on E2 likewise computes a vector ψ2 in HF . Ẑ(S2×S1)
is the overlap 〈ψ1|ψ2〉, and Ẑ(S3) is the matrix element 〈ψ1|ρ(S)ψ2〉, where
ρ(S) is the linear transformation that represents the diffeomorphism S on
the physical Hilbert space HF . The assumption of Hamiltonian triviality
says that ρ(S) = 1, so S3 and S2 × S1 have the same partition function.
Hence Ẑ(S3) = 1.

The same argument can be extended, using standard facts about three-
manifolds, to show that Ẑ(Q) = 1 for any Q. Consider a genus g Riemann
surface embedded in S3. It has an interior and also an exterior. They are
equivalent topologically and are called “handlebodies.” So S3 can be made
by gluing together two genus g handlebodies H1 and H2. Any three-manifold
can be made by gluing together H1 and H2 (for some g) after first making a
diffeomorphism σ of the boundary of H1. Assuming Hamiltonian triviality, σ
acts trivially and the argument of the last paragraph shows that the partition
function of the three-manifold obtained this way is independent of σ. Hence
all three-manifolds have the same partition function; in view of the special
case S2 × S1, the common value is clearly 1.

To illustrate, we will compute more explicitly Ẑ(Q) for the case of a three-
manifold Q with b1(Q) = 0 (and by Poincaré duality, hence also b2(Q) = 0).
We simply perform the path integral

∫
DADB exp

(
i

2π

∫
Q
d3x εjklAj∂kBl

)
. (1.7)
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To do the path integral, we write A = Atriv +A′, where Atriv is a connection
on a trivial line bundle and A′ has harmonic curvature, and similarly B =
Btriv + B′. In the case at hand, as b2(Q) = 0, A′ and B′ are both flat and
the action is a simple sum I(A,B) = I(Atriv, Btriv) + I(A′, B′). The path
integral is a product of an integral over Atriv and Btriv and a finite sum over
A′ and B′.

The path integral over Atriv and Btriv gives a ratio of determinants in
a standard way. As shown by A. Schwarz in his early work on topological
field theory [29], this ratio of determinants gives exp(T ), where T is the Ray-
Singer torsion. Schwarz considered a slightly more general model in which A
and B are twisted by a flat bundle (and one gets the torsion of the given flat
bundle), but in the present instance this is absent, so we want exp(T ) for the
trivial flat bundle. In three dimensions, this is equal to 1/#H1(Q;Z),d where
for a finite group F , #F denotes the number of elements of F . Poincaré
duality implies in three dimensions that #H1(Q;Z) = #H2(Q;Z), a fact
that we will use in the next paragraph.

Now let us perform the sum over A′ and B′. They are classified by
xA, xB ∈ H2(Q;Z), the first Chern classes of the line bundles on which A

and B are connections. However, it is convenient to break the symmetry
between A and B and to look at xB differently. We use the exact sequence
0 → Z → R → U(1) → 0 and the associated exact sequence of cohomology
groups · · · → H1(Q;R) → H1(Q;U(1)) → H2(Q;Z) → H2(Q;R) → . . . .
Since we are assuming that b1(Q) = b2(Q) = 0, we have H i(Q;R) = 0,
i = 1, 2 and hence H2(Q;Z) ∼= H1(Q;U(1)). So naturally associated with
xB is an element ηB ∈ H1(Q;U(1)). Instead of summing over xA and xB

to get the contribution of non-trivial topologies to the path integral, we can
sum over xA and ηB. The sum we want is loosely speaking∑

xA,ηB

exp
(
i

2π

∫
d3xεijkA′i∂jB

′
k

)
, (1.8)

but here we are considering topologically non-trivial gauge fields so we need
to use a more precise definition of the action. Actually, the cup product

d This can be seen as follows (the argument was supplied by D. Freed). A three-manifold Q with

b1 = 0 is called a rational homology sphere and has a cell decomposition with a single 0-cell, N

1-cells and 2-cells for some N , and a single 3-cell. The associated chain complex given by the

boundary operator looks like Z → ZN → ZN → Z. The first and last differentials vanish (as

b0 = b3 = 1) and after picking an orientation, H0 and H3 have natural bases (given by a point in

Q, and Q itself). There remains the middle differential; it is injective, as b1 = 0, and its cokernel

is H1(Q;Z). The determinant of this differential is thus |H1(Q;Z)|, and this is the exponential of

the torsion for the trivial connection, relative to the natural bases on H0 and H3.
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and Poincaré duality give a perfect pairing T : H2(Q;Z) ×H1(Q;U(1)) →
H3(Q;U(1)) = U(1). The action (for flat gauge fields) can be written in
terms of T , and the sum we want is really∑

xA,ηB

T (xA, ηB). (1.9)

Perfectness of the pairing T says in particular that for any fixed and nonzero
ηB, we have

∑
xA
T (xA, ηB) = 0. On the other hand, if ηB = 0, then

T = 1 for all xA and we get
∑

xA
T (xA, 0) = #H2(Q). So the sum over

topological classes of gauge field gives a factor #H2(Q) = #H1(Q), canceling
the factor that comes from the torsion. Thus, the partition function equals
1, as claimed.

Another View
For future reference, we can look at this situation in another way. The

following remarks do not require assuming that b1 = b2 = 0 and hold on
any three-manifold. Go back to the path integral (1.7) and perform first the
integral over A. The integral over Atriv gives us a delta function setting the
curvature of B to zero. Being flat, B defines an element ηB ∈ H1(Q;U(1)).
Given that B is flat, the action depends on A only through its characteristic
class xA, and the sum over xA (for fixed B) is the one encountered in the
last paragraph,

∑
A T (xA, ηB). As we have just noted, this sum is a multiple

of δ(ηB). Altogether then, if we perform first the path integral over A,
we get a multiple of δ(B), that is a delta function saying that B must
vanish up to a gauge transformation. Since we have found that the partition
function is 1, the multiple of the delta function is precisely 1. This result is
a three-dimensional analog of an a result used by Rocek and Verlinde [30]
in understanding T -duality in two dimensions.

The fact that we have just explained – the integral over A equals δ(B)
– is the fact that really will be used in section 3. What we gained by the
preceeding derivation of triviality of the theory is the not entirely trivial fact
that the coefficient of δ(B) is 1.

Hamiltonian Triviality
To complete the story, it remains to establish Hamiltonian triviality of

the theory. We consider first the case of quantization on a Riemann surface
Σ of genus 1. We pick two one-cycles C1, C2 giving a basis of H1(Σ;Z). The
gauge invariance and Gauss law constraints imply that the physical Hilbert
space is constructed by quantizing the moduli space of flat connections mod
gauge transformations. (For example, see [31].) A flat gauge field A or B is
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determined mod gauge transformations by αi =
∮
Ci
A, βi =

∮
Ci
B. For flat

gauge fields, the action is

1
2π

∫
dt

(
α1
dβ2

dt
− α2

dβ1

dt

)
. (1.10)

The symplectic structure is therefore ω = (dα1∧dβ2−dα2∧dβ1)/2π. The αi

and βj all range from 0 to 2π, so the phase space volume for each canonically
conjugate pair α1, β2 or α2,−β1 is 2π. The quantization of each pair thus
leads to precisely one quantum state. The physical Hilbert space is obtained
by tensoring together the spaces made by quantizing the commuting pairs of
conjugate variables, and so is also one-dimensional. Moreover, we can carry
out the quantization by regarding the wavefunctions as functions of (say)
the βi. Since the βi are mapped to themselves by modular transformations,
the mapping class group acts in the natural way in this representation: a
modular transformation τ that maps βi to τ(βi) maps a wavefunction ψ(βi)
to ψ(τ(βi)). (If we carry out the quantization in a way that is not mani-
festly modular invariant, the action of the modular group is more difficult
to describe.)

In the βi representation, the unique physical state is a delta function
supported at βi = 0. (For example, the operator exp(iβ2) shifts α1 by 2π
and hence must act trivially on physical states – so they have their support
at β2 = 0. Similarly exp(iβ1) shifts α2 by −2π and must act trivially.)
This state is clearly modular-invariant. So we have established Hamiltonian
triviality in genus one.

More generally, for Σ of genus g, we simply have g independent pairs
of variables αi, βj , each governed by the same action as above. The same
arguments go through to show that there is a unique quantum state, given in
the βj representation by a delta function supported at βj = 0; the mapping
class group acts trivially on this state for the same reasons as in genus one.
This establishes Hamiltonian triviality in general.

2.3. An Almost Trivial Theory

Finally, on a spin manifold Q, let us consider a U(1) gauge field U with the
level one-half Chern–Simons action

IU = Ĩ(U) =
1
4π

∫
Q
d3x εijkUi∂jUk. (1.11)

Its partition function ZU is a topological invariant of the framed manifold Q
(the framing is needed because of a gravitational anomaly [32]) and changes
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in phase under a change of framing. So we cannot expect to prove that this
partition function is 1. At best we can expect to show that it is of modulus
one. We will do this first from a Hamiltonian point of view, and then from
a path integral point of view.

From the Hamiltonian point of view, the claim is that on a Riemann
surface Σ of any genus, the physical Hilbert space of this theory is one-
dimensional. However, there is no claim that the mapping class group acts
trivially. Indeed, because of the framing anomaly, it is really a central ex-
tension of the mapping class group that acts naturally; we will not describe
this action here.

To see that the physical Hilbert space is one-dimensional, we simply pro-
ceed as above. On a surface Σ of genus 1, the action, evaluated as before for
flat connections modulo gauge transformations, comes out to be

1
2π

∫
dt α1

dα2

dt
. (1.12)

Again, the phase space volume is 2π, and there is one quantum state. But
there is no manifestly modular-invariant way to carry out the quantization,
and hence the above argument for triviality of the action of the mapping
class group does not apply. One can take the wavefunctions to be functions
of α1, or functions of α2, or of a possibly complex linear combination thereof,
but no such choice is invariant under the action of the mapping class group,
so no such choice enables one to simply read off how the mapping class group
acts.

Since the theory is unitary, the mapping class group acts only by phases
– complex numbers of modulus one. When we try to compute ZU (Q) for
general Q by cutting and pasting, using the arguments we used to compute
Ẑ(Q), everything is as before except that we run into undetermined phases
in the action of the mapping class group. (These phases could be analyzed,
but we will not do so.) So we cannot argue that ZU (Q) equals 1. We can
only argue that it is of modulus one.

Now we will see how to reach the same conclusion from a path integral
point of view. Let V be another U(1) gauge field with a Chern–Simons
action of level minus one-half,

IV = −Ĩ(V ) = − 1
4π

∫
Q
d3x εijkVi∂jVk. (1.13)

The
partition functions ZU =

∫
DU exp(iĨ(U)) and ZV =

∫
DV exp(−iĨ(V ))

are complex conjugates of one another, ZV = ZU , since (after replacing U
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by V ) the integrands of the path integrals are complex conjugates.
On the other hand, we claim that ZUZV = 1. The product ZUZV is the

partition function of the combined theory with action

I(U, V ) =
1
4π

∫
Q
d3xεijk(Ui∂jUk − Vi∂jVk). (1.14)

Now make the change of variables V → B = U+V with U fixed. The action
becomes

I(B, V ) =
1
2π

∫
Q
d3xεijkUi∂jBk −

1
4π

∫
Q
d3xεijkBi∂jBk. (1.15)

Performing first the path integral over U gives (as we saw in Section 2.2) a
delta function setting B = 0. This means that the path integral is unaffected
if we drop the BdB term. Hence ZUZV is equal to the partition function
Ẑ = 1 that was found in Section 2.2 for the theory in which the BdB term
is omitted from the action. So ZUZV = 1, as we aimed to prove, and hence
|ZU |2 = 1.

It is conceivable that there is some natural way to pick a framing that
would make ZU = 1. In that case, the level one-half theory, understood with
this framing, would be trivial.

3. Action Of SL(2, Z) On Conformal Field Theories

In this section, we first describe the operation S that was used in [10] to
describe three-dimensional mirror symmetry. Then we describe an additional
operation, which we will call T , and show that S and T together generate
SL(2,Z).

The objects we will study will be conformal field theories in three space-
time dimensions with a global U(1) symmetry. The U(1) symmetry is gen-
erated by a conserved current J . However, we need to be more precise in
several ways.

First of all, we regard the choice of J as part of the definition of the
theory. The current −J would also generate the U(1) symmetry. It turns
out that the central element −1 ∈ SL(2,Z) is represented by the operation
J → −J , leaving the theory otherwise fixed.

Second, to be more precise, what we study will be a conformal field
theory with a choice of J and a precise definition of the n-point functions
of J . The reason that we make this last request is that in three dimensions,
it is possible to have a conformally invariant contact term in the two-point
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function of a conserved current,

〈Jk(x)Jl(y)〉 ∼
w

2π
εjkl

∂

∂xj
δ3(x− y) + . . . (2.1)

There is in general no natural way to fix the coefficient w. (Shifts in w were
encountered in [10] in some examples.) We regard specification of w as part
of the definition of the theory. T will act essentially by shifting w.

This is still an imperfect description of the type of object we want to
study. To be a little more precise, we introduce an auxiliary gauge field A

and consider the generating functional of correlation functions of J , which
we provisionally take to be

〈
exp

(
i
∫
Q d

3xAiJ
i
)〉

.e It is convenient but not
necessary to assume that our theory has a Lagrangian description with fields
Φ and a Lagrangian L(Φ). In that case, the generating functional can be
provisionally represented〈

exp
(
i

∫
Q
d3xAiJ

i

)〉
=

∫
DΦ exp

(
i

∫
Q
d3x(L(Φ) +AiJ

i)
)
, (2.2)

where the path integral is carried out only over Φ, with A being a spectator,
a background gauge field.

However, we wish to modify the definition of the generating functional
so that it is invariant under gauge transformations of A. This will often
but not always be the case with the definition we have given so far. A
familiar counterexample arises if Φ is a complex scalar field, J the current
that generates the U(1) symmetry Φ → exp(iθ)Φ, and L(Φ) = |∂Φ/∂xi|2. In
this example, the current J , though conserved, is not invariant under local
gauge transformations. The gauge-invariant generalization of L(Φ) is not
L(Φ) +AiJ

i, but L̃(Φ, A) = |DΦ/Dxi|2, where D/Dxi = ∂/∂xi + iAi. This
includes a term quadratic in A. (From a general conformal field theory point
of view, this extra term is needed because of an additional primary operator
– in this case |Φ|2 – that appears in the operator product expansion of two
currents.)

So finally we come to the precise definition of the class of objects that
we really want to study. What we really want is a three-dimensional con-
formal field theory with a choice of gauge-invariant quantum coupling to a
background U(1) gauge field A. In case the conformal field theory has a
Lagrangian description, this means that we are given a gauge-invariant and
conformally invariant extension L̃(Φ, A) of the original Lagrangian, and we

e We actually consider unnormalized correlation functions; that is, we do not divide by the value

at A = 0.
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can define the gauge-invariant functional

exp(iΓ(A)) =
∫
DΦ exp

(
i

∫
d3x L̃(Φ, A)

)
. (2.3)

The coupling to the background gauge field is required to be gauge-invariant
at the quantum level. Picking such a gauge-invariant coupling entails in
particular, as we explain later, a choice of the Chern–Simons coupling for
the background gauge field.f

The S Operation
Now we can define the S operation. Roughly speaking, instead of re-

garding A as a background field, we now regard A as a dynamical field, and
perform the path integral over A as well as Φ. We thus define a “dual”
theory whose fields are A and Φ and whose Lagrangian is L̃(Φ, A).

However, for the dual theory to be of the same type that we have been
considering, we must define a conserved current in this theory and explain
how to couple it to a background gauge field. We define the conserved current
of the dual theory to be J̃i = εijkFjk/4π = εijk∂jAk/2π; it is conserved
because of the Bianchi identity obeyed by F . We denote the background
gauge field of the dual theory as B. The current J̃i is gauge-invariant as
well as conserved, so a gauge-invariant coupling to the background field B is
made simply by adding a new interaction J̃ iBi. The combined Lagrangian
is therefore simply

L′(Φ, A,B) =
1
2π
εijkBi∂jAk + L̃(Φ, A). (2.4)

This theory, with Φ and A understood as dynamical fields and B as a back-
ground gauge field, is the one we obtain by applying the S operation to the
original theory. This is the definition of S.g

Now, following [10], we want to compute S2. We apply S a second time by
making the background gauge field B dynamical and adding a new spectator
gauge field C, coupled this time to the current J̃i(B) = εijk∂jBk/2π made
from B. So the theory obtained by applying S twice has dynamical fields Φ,

f The need to make such a choice is particularly clear in case there is a parity anomaly [33] in the

coupling of the conformal field theory to the background gauge field; in this case, the Chern–Simons

coupling cannot be zero as it is in fact a half-integral multiple of the level one-half functional eI(A).
g Defining the path integral for a gauge field in three dimensions can in general require a choice

of framing of the three-manifold [32]. It is at this step that there appears the potential for a

c-number gravitational effect in the action of SL(2,Z).



September 2, 2004 9:14 WSPC/Trim Size: 9.75in x 6.5in for Proceedings witten

SL(2, Z) action on three-dimensional conformal field theories 1187

A, and B, background gauge field C, and Lagrangian

L′′(Φ, A,B,C) =
1
2π
εijkCi∂jBk +

1
2π
εijkBi∂jAk + L̃(Φ, A). (2.5)

After an integration by parts, the part of the action that depends on B

is
1
2π

∫
d3x εijkBi∂j(A+ C)k. (2.6)

The integral over B is therefore very simple. As explained near the end of
Section 2.2, it simply gives a delta function δ(A+C) setting A+C to zero,
up to a gauge transformation. The integral over A is therefore also trivial;
it is carried out by setting A = −C. After integrating out A and B, we
therefore get a theory with dynamical field Φ, background gauge field C,
and Lagrangian L̃(Φ,−C). This is just the original theory with the sign of
the current reversed. So this justifies the assertion that the effect of applying
S2 is to give back the original theory with the sign of the current reversed.
We write this relation as S2 = −1, where −1 leaves the theory unchanged
and reverses the sign of the current.

The T Operation
Now we want to define another operation that we will interpret as the

second generator T of SL(2,Z).
The operation will act on conformally invariant theories with dynamical

fields Φ, background fields A, and Lagrangian L̃(Φ, A). We simply exploit
the lack of uniqueness in passing from the underlying conformally invariant
Lagrangian L(Φ) to its gauge-invariant extension L̃(Φ, A).

What lack of uniqueness is there? For the present purposes, we want
to change L̃(Φ, A) only by terms that vanish at A = 0; other terms repre-
sent moduli of the conformal field theory that we started with, rather than
ambiguities in the coupling to a background gauge field.

There are in fact no locally gauge-invariant operators vanishing at A = 0
that can be added to L̃(Φ, A) while preserving conformal invariance. For
example, a Lorentz-invariant functional of A only would have at least di-
mension four, the lowest dimension possibility being the usual gauge action
FijF

ij . A locally gauge-invariant coupling of a gauge field to the Φ field that
vanishes at F = 0 must involve at least one explicit factor of F ; the case of
lowest dimension is an interaction εijkFijXk with Xk some conformal field
made from Φ. Unitarity implies that in three dimensions a vector-valued
conformal field such as X has dimension greater than 1, so this interaction
again spoils conformal invariance.
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The only remaining option is to add to L̃(Φ, A) the Chern–Simons inter-
action. We add the Chern–Simons interaction at level one-half:

L̃(Φ, A) → L̃(Φ, A) +
1
4π
εijkAi∂jAk. (2.7)

The term we have added is not locally gauge-invariant, but it is gauge-
invariant up to a total derivative; more to the point, as reviewed in Section
2, its integral over a three-manifold Q with a chosen spin structure is gauge-
invariant and well-defined mod 2π.

What we will call the T operation consists of adding to the Lagrangian
the Chern–Simons coupling of the background gauge field A. This operation
is essentially trivial, in that the term which is added depends only on the
background field and not on the dynamical field Φ. The effect of the T

operation on the generating functional of current correlation functions (or
its generalization (2.3)) is〈

exp
(
i

∫
Q
d3xAiJ

i

)〉
→

〈
exp

(
i

∫
Q
d3xAiJ

i

)〉
exp

(
i

4π

∫
d3x εijkAi∂jAk

)
.

(2.8)
This is equivalent to adding to the two-point function of J a contact term
of the form described in (2.1), with a definite coefficient. Thus, the theory
transformed by T is the same as the original theory but with a contact term
added to the correlation functions.

As we have reviewed in Section 2, if we do not want to endow Q with
a spin structure, we must double the Chern–Simons coupling in (2.7). This
means that without using a spin structure, we can only define the operation
T 2 and not T .

For our purposes in the present paper, the reason that the trivial opera-
tion T is worth discussing is that it does not commute with S. Let us, for
practice, work out ST and compare it to TS.

To compute ST , we first act with T by coupling to a background gauge
field A and adding the Chern–Simons coupling of A at “level one-half.” Then
we act with S by making A dynamical, and adding a background gauge field
B that has a coupling to the current J̃i(A) = εijk∂jAk/2π. By the time all
this is done, we have the Lagrangian

LST (Φ, A,B) =
1
2π
εijkBi∂jAk +

1
4π
εijkAi∂jAk + L̃(Φ, A), (2.9)

with the dynamical fields being Φ and A.
To instead compute TS, we first act with S by making the background

field A dynamical and including a background gauge field B that couples to
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J̃ . Then we act with T by adding the level one-half Chern–Simons coupling
of B. We get the Lagrangian

LTS(Φ, A,B) =
1
4π
εijkBi∂jBk +

1
2π
εijkBi∂jAk + L̃(Φ, A). (2.10)

The theories with Lagrangian LTS and with LST are not equivalent, since
the Lagrangians are different and cannot be transformed into one another
by a change of variables. (Though this fact does not affect the answer, note
that, as B is a background field, we should only consider changes of variable
that leave B fixed.)

SL(2,Z) Action
Now that we have some practice with such computations, let us try to

prove that (ST )3 = 1. (Actually, we will see that (ST )3 = 1 modulo a c-
number gravitational correction, a topological invariant that depends only on
the manifold Q and not on the specific theory under discussion.) Together
with the result S2 = −1, this will show that S and T together generate
SL(2,Z).

To act with ST , we add a level one-half Chern–Simons coupling for the
background gauge field A, make that field dynamical, and add a new back-
ground gauge field B, coupled to J̃i(A) = εijk∂jAk/2π. To act with ST

again, we add a level one-half Chern–Simons interaction of B, make B dy-
namical, and add a new background gauge field C coupled to J̃i(B). Finally,
to act with ST a third time, we add a level one-half Chern–Simons inter-
action for C, make C dynamical, and add a new background gauge field D

coupled to J̃i(C). All told, the Lagrangian after acting with (ST )3 is

L(ST )3(Φ, A,B,C,D) =
1
2π
εijkDi∂jCk +

1
4π
εijkCi∂jCk +

1
2π
εijkCi∂jBk

+
1
4π
εijkBi∂jBk +

1
2π
εijkBi∂jAk +

1
4π
εijkAi∂jAk + L̃(Φ, A).

(2.11)
The dynamical fields are Φ, A,B, and C; D is a background field.

To analyze this theory, we simply replace C by a new variable C̃ =
B + C +D, leaving Φ, A, B, and D fixed. The Lagrangian becomes

L(ST )3(Φ, A,B, C̃,D) =
1
2π
εijkBi∂j(Ak −Dk) +

1
4π
εijkC̃i∂jC̃k

+
1
4π
εijkAi∂jAk −

1
4π
εijkDi∂jDk + L̃(Φ, A).

(2.12)

We perform first the path integral over B, which, as explained in section 2.2,
gives a delta function setting A−D = 0 up to a gauge transformation. We
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next perform the path integral over A simply by setting A = D. We reduce
to

L(ST )3(Φ, C̃,D) = L̃(Φ, D) +
1
4π
εijkC̃i∂jC̃k. (2.13)

Thus, apart from the decoupled C̃ theory, the operation of (ST )3 gives us
back the original theory coupled to a background gauge field D with the
original Lagrangian L̃(Φ, D). In this sense (ST )3 = 1.

The C̃ theory is a Chern–Simons theory at level one-half and was analyzed
in Section 2.3. It multiplies the partition function by a complex number
of modulus one that is a topological invariant, independent of the specific
conformal field theory under study and decoupled from both the theory and
its currents. Our analysis in this paper is really not precise enough to give the
best way of dealing with topologically invariant c-number contributions that
depend on the gravitational background only. (It may be that by redefining
T by a topological invariant, one can avoid the gravitational correction to
(ST )3 = 1. This can be done if the Chern–Simons theory at level one-half
is isomorphic to the cube of some other topological field theory; one would
then modify the definition of T to include tensoring with the dual of this
theory. It may even be that the level one-half Chern–Simons theory, or its
cube, is trivial with a natural choice of framing.)

4. Modular Action On Current Two-Point Function

The S operation can be made much more explicit in the case [19-25] of
Nf free fermions with U(1) symmetry for large Nf . After coupling to a
background gauge field A, we have

L =
∫
d3x

Nf∑
i=1

ψiiΓ ·Dψi. (3.1)

Upon integrating out the ψi, we get an effective action for the gauge field that
takes the form

∫
d3xNf

(
Fij∆−1/2F ij + . . .

)
, where ∆ is the Laplacian, and

the ellipses refer to terms of higher order in the gauge field strength F . This
theory can be systematically studied for large Nf as it is weakly coupled,
with the effective cubic coupling (after absorbing a factor of 1/

√
Nf in F so

that the kinetic energy is of order one) being proportional to 1/
√
Nf .

The large Nf theory has the property that, before or after acting with
S, the current has nearly Gaussian correlation functions. Other examples in
which the current is nearly Gaussian come from the AdS/CFT correspon-
dence, which we consider in Section 5.
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In this section, we will analyze the action of SL(2,Z) on the two-point
function of the U(1) current, for the case that the current is nearly Gaussian
so that its correlations are characterized by giving the two-point function.
We will see that from the current two-point function we can define a complex
parameter τ , valued in the upper half plane, on which SL(2,Z) acts in the
familiar fashion τ → (aτ+b)/(cτ+d), with a, b, c, and d integers, ad−bc = 1.

The general form of the current two-point function in momentum space
in a three-dimensional conformal field theory is

〈Ji(k)Jj(−k)〉 =
(
δijk

2 − kikj

) t

2π
√
k2

+ εijrkr
w

2π
. (3.2)

Here t and w are constants and t is positive if Ji is hermitian. To carry out
the transform by S, we couple the current to a gauge field Ai. In momentum
space, the effective action for Ai, after including gauge-fixing terms that
cancel kiA

i terms, is∫
d3k

(
t

4π
Ai(k)

√
k2Ai(−k) +

w

4π
εijrAi(k)krAj(−k)

)
. (3.3)

The propagator of Ai is 〈Ai(k)Aj(−k)〉 = Nij , where Nij is the inverse of
the matrix

Mij =
t

2π

√
k2δij +

w

2π
εijrkr. (3.4)

The inverse is

Nij =
2πδij√
k2

t

t2 + w2
− 2πεijrkr

k2

w

t2 + w2
+

2πkikj

(k2)3/2

w2

t(t2 + w2)
. (3.5)

The current of the theory transformed by S is J̃i = εijr∂jAr/2π, or in mo-
mentum space J̃i(k) = −(i/2π)εijrkjAr(k). Using this and the propagator
of Ai, one determines that the two-point function of J̃ is

〈J̃i(k)J̃j(−k)〉 =
1

2π
√
k2

(
δijk

2 − kikj

) t

t2 + w2
− εijrkr

2π
w

t2 + w2
. (3.6)

Comparing to (3.2), we see that τ = w+ it, which takes values in the upper
half plane, has transformed via τ → −1/τ .

The T transformation of three-dimensional conformal field theories was
defined to shift the two point function of J by w → w + 1. This amounts
to τ → τ + 1. The results for the transformation of τ under S and T can
be summarized by saying that τ transforms under SL(2,Z) in the standard
way τ → (aτ + b)/(cτ + d).
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5. Interpretation In AdS/CFT Correspondence

Finally, in this section, we discuss this SL(2,Z) action on three-dimensional
conformal field theories in the light of the AdS/CFT correspondence.

Consider a four-dimensional gravitational theory with negative cosmolog-
ical constant and an unbroken U(1) gauge group. For example, if the true
cosmological constant in the physical vacuum is negative, then the real world
is described by such a theory, with the U(1) being that of electromagnetism.

Now let us consider constructing a dual three-dimensional conformal field
theory. We let A denote the massless gauge field in the four-dimensional
bulk. We denote four-dimensional Anti de Sitter space, with (Euclidean
signature) metric

ds2 =
L2

z2

(
dz2 + d~x2

)
, (4.1)

as X. Its conformal boundary Y is at z = 0 and has coordinates ~x.
The standard construction is to fix a gauge field ~A on Y and perform the

path integral on X with a boundary condition requiring that in the limit
z → 0, the part of A tangent to the boundary is equal to ~A. The path
integral with these boundary conditions is then interpreted as computing
the generating functional

〈
exp(i

∫
Y d

3x ~A · ~J)
〉

of current correlators in the

boundary conformal field theory; here ~J is the conserved current of the
boundary theory. (In this section only, we write ~A, ~J for three-dimensional
gauge fields and currents.)

In particular, if one does not want to insert any currents at all on the
boundary, one asks simply that, for z → 0, the tangential part of A should
vanish up to a gauge transformation. This can be described in a gauge-
invariant language by saying that the magnetic field ~B (defined as usual by
~Bi = εijk∂j

~Ak) vanishes on Y . More generally, with currents inserted, the
recipe is to compute the bulk partition function as a function of a specified
choice of ~B (or, equivalently but more conveniently, a specified ~A).

This recipe is clearly not invariant under SL(2,Z) duality of the four-
dimensional U(1) theory. For example, the S transformation in SL(2,Z)
maps ~B → ~E, ~E → − ~B, and maps the low energy gauge field A to a
dual gauge field A′. Applying the standard AdS/CFT recipe in terms of
A′ is equivalent in terms of the original gauge field A to using a boundary
condition ~E = 0 instead of ~B = 0 (and more generally, computing current
correlators by varying the boundary values of ~E instead of the boundary
values of ~B).

More generally, we could make an arbitrary SL(2,Z) transformation to



September 2, 2004 9:14 WSPC/Trim Size: 9.75in x 6.5in for Proceedings witten

SL(2, Z) action on three-dimensional conformal field theories 1193

introduce a new gauge field before applying the standard AdS/CFT recipe.
In terms of the original gauge field, this corresponds to a boundary condition
setting to zero a linear combination of ~E and ~B. So altogether, depending
on the choice of boundary conditions, an AdS theory with a U(1) gauge field
in four dimensions has infinitely many possible CFT duals on the boundary.

To get another view of the problem, let us consider the AdS/CFT corre-
spondence in a spacetime with Lorentz signature. To do so, we replace d~x2

in (4.1) by dx2+dy2−dt2, with t, x, y being coordinates of three-dimensional
Minkowski spacetime. In fact, we want to work with the completed AdS4

spacetime, whose boundary has topology S2×R (S2 parametrizes space and
R parametrizes time); the Lorentzian continuation of (4.1) describes only a
“Poincaré patch” of this.

The four-dimensional bulk theory has both electric and magnetic charges.
(In the case of the real world, we cannot claim that the magnetic charges
are an experimental fact!) This might lead one to expect that the boundary
theory should have U(1)×U(1) global symmetry, but actually in the standard
AdS/CFT correspondence, a massless gauge field in bulk leads to one U(1)
symmetry on the boundary, not two.

It is not hard to see what happens. In one construction, we require (in
the absence of operator insertions on the boundary) that ~B = 0 on the
boundary.h In this case, magnetic charge is forbidden, since a state with
a net magnetic charge in the bulk would have an inescapable ~B on the
boundary. So the conserved quantity of the boundary theory corresponds to
electric charge in bulk.

Alternatively, suppose that the boundary condition, in the absence of
operator insertions on the boundary, is ~E = 0. Now, net electric charge
in bulk is forbidden, but there is no problem with having a net magnetic
charge. The net magnetic charge corresponds to the conserved quantity in
the boundary theory.

More generally, after making an arbitrary SL(2,Z) transform of the
boundary condition, only one linear combination of net electric and mag-
netic charge is allowed in the bulk, and corresponds to the conserved charge
of the boundary theory.

There is no claim here, just as there was none in the earlier sections of this

h Here, as explained above, ~B is the part of the four-dimensional curvature that is tangent to

the boundary and so involves dxi ∧ dxj where xi = x, y, and t. The other components ~E are

dxi ∧ dz where z is the normal coordinate. This decomposition is natural in the AdS/CFT

correspondence, but is non-standard in the sense that usually such a decomposition is made using

the time coordinate t rather than the normal coordinate z.
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paper, that the different theories obtained with different boundary conditions
on the gauge field are equivalent. This may be so in some special cases, but in
general the SL(2,Z) duality symmetry of the low energy theory transforms
one boundary condition, and one boundary conformal field theory, to another
inequivalent one.

In the remainder of this section, we analyze the S and T duality opera-
tions of the bulk theory, and argue that they correspond on the boundary
to the operations of the same names that we defined in Section 3 for three-
dimensional conformal field theories with U(1) symmetry.

The T Operation
In abelian gauge theory in four dimensions, the generator T of SL(2,Z)

corresponds to a 2π shift in the theta angle. Let us see what this operation
corresponds to in the boundary conformal field theory.

The θ-dependent term in the action of four-dimensional abelian gauge
theory is

Iθ =
θ

32π2

∫
d4x εijklFijFkl. (4.2)

On a closed four-manifold X, the change in Iθ under θ → θ + 2π is πJ ,
where J (defined in Section 2.1) is even on a spin manifold. So on a closed
spin manifold, exp(iIθ) is invariant under θ → θ + 2π. (On a closed four-
manifold that is not spin, the symmetry is θ → θ + 4π. For background
on duality symmetry of abelian gauge theory on a four-manifold, showing
that complete SL(2,Z) symmetry holds only on a spin manifold, see [14].
Of course, a theory – like the one describing the real world – that contains
neutral fermions like neutrinos can only be formulated on spin manifolds.)

On a four-manifoldX with boundary Y , the change in Iθ under θ → θ+2π
is still given by the same expression πJ = (1/16π)

∫
d4x εijklFijFkl. But this

is no longer an integral multiple of 2π. Rather, as we reviewed in Section 2, it
differs from being an integral multiple of 2π by a functional of the boundary
values of the gauge field which is precisely the level one-half Chern–Simons
functional Ĩ( ~A). For topologically trivial gauge fields, this functional can be
written

Ĩ( ~A) =
1
4π

∫
d3x εijk ~Ai∂j

~Ak. (4.3)

(We follow the convention in this section of letting ~A denote the restriction
of the connection A to the boundary.)

Thus, under θ → θ + 2π, the theta dependent factor exp(iIθ) of the
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integrand of the path integral is multiplied by exp(iĨ( ~A)). Hence, under
θ → θ + 2π, the path integral Z ~A computed with specified boundary values
~A for the gauge field transforms as

Z ~A → Z ~A exp(iĨ( ~A)). (4.4)

In the boundary conformal field theory, Z ~A is interpreted as the gen-

erating function
〈
exp(i

∫
d3x ~A · ~J)

〉
of current correlation functions (or its

generalization (2.3)). So in view of (4.4), this generating function transforms
under θ → θ + 2π as〈

exp
(
i

∫
d3x ~A · ~J

)〉
→

〈
exp

(
i

∫
d3x ~A · ~J

)〉
exp

(
iĨ( ~A)

)
. (4.5)

But this transformation law for the current correlation functions is the def-
inition of the T operation in the boundary conformal field theory. So the
θ → θ + 2π operation in the bulk theory does induce the operation that we
have called T in the boundary theory.

An Analogy For The S Generator
The generator S of SL(2,Z) exchanges electric and magnetic fields, so it

corresponds from the AdS point of view to replacing the boundary condition
~B = 0 (or a generalization of this in which ~B is specified to compute current
correlators) with ~E = 0 (or a generalization in which ~E is specified). We
want to show that this induces on the boundary the S operation. The
discussion will not have the degree of precision that we attained above for
T .

First, we will treat an analogous problem. We consider a scalar field in
(d+1)-dimensional Anti de Sitter space with mass m2. The Euclidean action
is

L =
1
2

(
(∇φ)2 +m2φ2

)
. (4.6)

The general solution behaves near z = 0 – that is, near the boundary of Anti
de Sitter space – as

φ(z, ~x) = z∆+α(~x) + z∆−β(~x), (4.7)

where ∆+ and ∆− < ∆+ are the two roots of the quadratic equation ∆(∆−
d) = m2L2. We are interested in the case 1 − d2/4 > m2L2 > −d2/4. In
this case, as first shown by Breitenlohner and Freedman [26], there are two
ways to quantize the field φ preserving the symmetries of AdS space. One
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can impose the boundary condition α(~x) = 0, or the boundary condition
β(~x) = 0.

From a contemporary point of view, as explained in [27], this means that
a gravitational theory in AdS space that contains such a scalar (along with
other fields) has two different CFT duals on the boundary, depending on
which boundary condition one chooses to impose. If the boundary condition
is α = 0, the boundary theory has a conformal field Oα of dimension ∆−. If
one sets β = 0, the boundary theory has a conformal field Oβ of dimension
∆+. Since ∆+ + ∆− = d, we have 2∆− < d, so the α = 0 theory has a rel-
evant operator O2

α. Perturbing the α = 0 theory by this relevant operator,
one gets a renormalization group flow from the α = 0 theory to the β = 0
theory [34]. (This flow is described by the more general boundary condition
α = fβ [34,35], where f is the coefficient of the relevant perturbation. See
also [36] for more detail. Double-trace perturbations in the AdS/CFT cor-
respondence, such as O2

α, had been discussed earlier in [37]. For more on the
relation between conformal representations corresponding to ∆− and ∆+,
see [38].)

In the α = 0 theory, one would like to compute the generating functional〈
exp(i

∫
d3xJ(~x)Oα(~x))

〉
of correlation functions of Oα. In the AdS/CFT

correspondence, this is done by computing the bulk partition function with
the boundary condition α(~x) = 0 generalized to α(~x) = J(~x) (where J is
a fixed c-number source on the boundary of AdS space). Similarly, in the
β = 0 theory, the generating functional

〈
exp(i

∫
d3xJ ′(~x)Oβ(~x))

〉′ of corre-
lation functions of Oβ is computed by generalizing the boundary condition
β(~x) = 0 to β(~x) = J ′(~x), with J ′ a fixed c-number source. (We use 〈 〉 for
the generating function of unnormalized correlation functions in the α = 0
theory, and 〈 〉′ for the analogous function in the β = 0 theory.)

It was found in [27] that taking the boundary of AdS to be flat Rd, and
in the approximation of treating φ as a free field, these two functionals are
related by a Legendre transformation. (Certain results in Liouville theory
[39] gave a clue to this interpretation.) The Legendre transformation is
carried out as follows: one promotes the source J (or J ′) of the α = 0 (or
β = 0) theory to a dynamical field, couples it to a new source J ′ (or J) via
a coupling

∫
d3xJJ ′, and performs the path integral over J (or J ′) plus the

other fields.
Though this relation for free field, flat space correlators puts the α = 0

and β = 0 theories on a completely symmetric footing, in reality there is not
that degree of symmetry between them because there is a renormalization
group flow from α = 0 to β = 0 and not the other way around. In more recent
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work [40,41], the partition function of these theories on Sd, or equivalently
their conformal anomaly, has been investigated. In [41], the following was
demonstrated: the partition function Zβ of the infrared-stable theory with
boundary condition β = 0 can be obtained from the path integral of the
α = 0 by letting the source J of the α = 0 theory become dynamical and
integrating over it along with the other fields:

Zβ =
∫
DJ

〈
exp

(
i

∫
d3xJOα

)〉
. (4.8)

This is an analog for the partition function in curved space of the statement
about flat space correlation functions made in the last paragraph. (We could
combine the two statements by adding a new source J ′ for the operator Oβ

of the β = 0 theory, with a coupling
∫
d3xJJ ′.) This more refined statement

does not have a counterpart with α and β exchanged.
We want to give an alternative explanation of the result (4.8). Then,

going back to gauge theory, we will offer a similar explanation for the relation
between the S operations in bulk and on the boundary. We place an infrared
cutoff on the theory by truncating AdS space near the conformal boundary.
So henceforth, instead of X denoting the full AdS space with Y as conformal
boundary, X is a compact manifold and Y is its ordinary boundary. We want
to compare the partition function Zfree of a scalar field φ on X with free
boundary conditions – in which the boundary values of φ are unrestricted –
to a path integral with Dirichlet boundary conditions, in which φ vanishes on
the boundary. (Free boundary conditions are also called Neumann boundary
conditions, as they lead by the equations of motion to vanishing of the normal
derivative of φ.)

To make this comparison, we write an arbitrary field φ on X as

φ = φ0 + φ̃, (4.9)

where φ0 vanishes on the boundary and φ̃ is any function on X that agrees
with φ on the boundary. Since we will be integrating over φ0 (and a change
in φ̃ can be absorbed in a shift in φ0) it does not matter exactly how φ̃ is
chosen. If φ is treated as a free field, φ̃ can conveniently be chosen as the
unique solution of the classical equations of motion that coincides with φ on
the boundary.

If we simply set φ = φ0 with φ̃ absent, the path integral over φ gives
the partition function ZDir of the theory with Dirichlet boundary condi-
tions. Instead of simply setting φ̃ to zero, let us specify it and hold it
fixed. In performing the path integral over φ0 with fixed φ̃, we regard φ̃ as
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the source for an operator ODir in the Dirichlet theory. So the path inte-
gral over φ0 with fixed φ̃ computes the unnormalized generating functional〈
exp

(
i
∫
d3x φ̃ODir

)〉
. If now we integrate over φ̃, the combined path inte-

gral over φ0 and φ̃ is the same as the path integral over φ, and should give
Zfree. So we expect

Zfree =
∫
Dφ̃

〈
exp

(
i

∫
d3x φ̃ODir

)〉
. (4.10)

This relation has an obvious analogy with the result (4.8) of [41]. The
reason for the relation seems clear intuitively. Going back to (4.7), we have
z∆− >> z∆+ for z small. So a path integral with β = 0 corresponds in the
theory that has a cutoff at very small z to a path integral with φ vanishing
on the boundary, that is, with Dirichlet boundary conditions. And a path
integral with α = 0 corresponds to a path integral with Neumann or free
boundary conditions, the boundary value of φ being unrestricted.

The S Operation
Now let us return to our problem of understanding the relation between

the S operation for abelian gauge fields in four-dimensional AdS space and
the S operation in the boundary conformal field theory.

We consider a U(1) gauge field A on a cutoff version of AdS space – a
compact (but large) manifold X with boundary Y . ~B = 0 boundary con-
ditions are the analogs for gauge fields of Dirichlet boundary conditions for
scalars – they say that A vanishes on the boundary, up to a gauge trans-
formation. ~E = 0 boundary conditions are analogous to free or Neumann
boundary conditions. They leave the boundary values of A unrestricted.
The analog of the above argument says that the path integral of the ~E = 0
theory is obtained by adding the boundary value of A as an additional field
and integrating over it as well as over the other variables, which include the
choice of A in the interior. This indicates that electric-magnetic duality in
bulk gives the S operation of the boundary theory.

Partial Generalization For Nonabelian Gauge Theory
Consider an AdS theory which contains, instead of the U(1) gauge field

that we have considered, a nonabelian gauge field with unbroken gauge group
G. In this case, unless special collections of matter fields are included, we
do not have an SL(2,Z) duality of the low energy gauge theory on AdS, so
we will not get an SL(2,Z) action on possible dual conformal field theories.
Nonetheless, a few of the things we have said do apparently generalize to
the nonabelian case via the same arguments that we have given above.
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Nonabelian gauge theory in the bulk can be quantized with (at least) the
two possible conformally invariant boundary conditions ~B = 0 and ~E = 0.
So this will give two possible dual CFT’s. The ~B = 0 theory has G as a
global symmetry, generated by an adjoint-valued conserved current J . The
~E = 0 theory is obtained from the ~B = 0 theory by coupling a gauge field
A (without kinetic energy) to J .

Furthermore, one can consider the operation θ → θ + 2π in the bulk
theory. Applied to the ~B = 0 theory, this operation merely shifts the two-
point function of J by a contact term. Applied to the ~E = 0 theory, it shifts
the Chern–Simons level of the gauge field A.

This work was supported in part by NSF Grant PHY-0070928.
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