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We review and extend our recent work on the planar (large N) equivalence between

gauge theories with varying degrees of supersymmetry. The main emphasis is on the

planar equivalence between N =1 gluodynamics (super-Yang–Mills theory) and a non-

supersymmetric “orientifold field theory”. We outline an “orientifold” large N expansion,

analyze its possible phenomenological consequences in one-flavor massless QCD, and

make a first attempt at extending the correspondence to three massless flavors. An

analytic calculation of the quark condensate in one-flavor QCD starting from the gluino

condensate in N =1 gluodynamics is thoroughly discussed. We also comment on a planar

equivalence involving N = 1 supersymmetry, on “chiral rings” in non-supersymmetric

theories, and on the origin of planar equivalence from an underlying, non-tachyonic

type-0 string theory. Finally, possible further directions of investigation, such as the

gauge/gravity correspondence in large-N orientifold field theory, are briefly discussed.
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Dictionary and some notation

In the bulk of this review the gauge group is assumed to be SU(N), with

the exception of Sects. 4 and 5. Different theories that we consider include:

Orientifold theory A (one two-index Dirac fermion in the anti-

symmetric representation);

Orientifold theory S (one two-index Dirac fermion in the symmet-

ric representation);

General version: Orientifold theory (one of the two above);

Orienti/An theory (n antisymmetric Dirac fermions);

Orienti/Sn (n symmetric Dirac fermions);

Adjointn theory (n adjoint Majorana fermions);

N2 - QCD (Nf = Nc = N Dirac flavors);

Orienti/nf theory (one two-index Dirac fermion in the antisym-

metric representation plus n fundamental Dirac quarks);

Version: Orienti/2f theory;

kf-QCD (QCD with k Dirac fundamental flavors);

Version: 1f-QCD (QCD with one Dirac fundamental flavor);

Common sector (for a definition see the discussion preceding

Sect. 4.1).

? ? ?

Note that, from the string theory perspective, only some of the theories

listed above deserve the name “orientifold theories” — not all appear as a

result of bona fide orientifoldization. Keeping in mind, however, that our

prime emphasis is on field theory, we will take the liberty of naming them

in a way that is convenient for our purposes, albeit not quite justified from

the string theory standpoint.

? ? ?

We normalize the Grassmann integration as
∫

θ2 d2θ = 2 . (1)

The rest of the notation for superfield/superspace variables is essentially the

same as in the classical textbook of Bagger and Wess [1], except that our
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metric is gµν = diag(1,−1,−1,−1) while in Bagger and Wess’s book it is

gBW
µν = diag(−1, 1, 1, 1).

If we have two Weyl (right-handed) spinors ξα and ηβ, transforming in

the representations R and R̄ of the gauge group, respectively, then the Dirac

spinor Ψ can be formed as

Ψ =

(
ξ

η̄

)
. (2)

The Dirac spinor Ψ has four components, while ξα and ηβ have two compo-

nents each.

? ? ?

The gluon field-strength tensor is denoted by Ga
µν . We use the abbrevia-

tion G2 for

G2 ≡ Ga
µν Gµν a , (3)

while

GG̃ ≡ Ga
µν G̃µν a ≡ 1

2
εµνρσGa

µνG
a
ρσ . (4)

? ? ?

Group-theory coefficients

As was mentioned, the gauge group is assumed to be SU(N). For a given

representation R of SU(N), the definitions of the Casimir operators to be

used below are

Tr (T aT b)R = T (R)δab , (T aT a)R = C(R) I , (5)

where I is the unit matrix in this representation. It is quite obvious that

C(R) = T (R)
dim(G)

dim(R)
, (6)

where dim(G) is the dimension of the group (= the dimension of the adjoint

representation). Note that T (R) is also known as (one half of) the Dynkin

index, or the dual Coxeter number. For the adjoint representation, T (R) is

denoted by T (G). Moreover, T (SU(N)) = N .



September 11, 2004 11:55 WSPC/Trim Size: 9.75in x 6.5in for Proceedings armoni

358 A. Armoni, M. Shifman, and G. Veneziano

Renormalization-group conventions

The β function and anomalous dimensions are defined as

µ
∂α

∂µ
≡ β(α) = − β0

2π
α2 − β1

4π2
α3 + ... (7)

and

γ = −d lnZ(µ)/d ln µ . (8)

In supersymmetric theories

β(α) = −α2

2π

[
3T (G) −

∑

i

T (Ri)(1 − γi)

](
1 − T (G)α

2π

)−1

, (9)

where the sum runs over all matter supermultiplets. The anomalous dimen-

sion of the i-th matter superfield is

γi = −2C(Ri)
α

2π
+ ... . (10)

Sometimes, when one-loop anomalous dimensions are discussed, the coeffi-

cient in front of −α/(2π) in (8) is also referred to as an “anomalous dimen-

sion.”
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1. Introduction

Gauge field theories at strong coupling are obviously of great importance

in particle physics. Needless to say, exact results in such theories have a

special weight. Supersymmetry proved to be an extremely powerful tool,

allowing one to solve some otherwise intractable problems (for a review see

e.g. [2]). During the last twenty years or so, a significant number of results

were obtained in this direction, starting from the gluino condensate and

exact β functions, to, perhaps, the most famous example — the Seiberg–

Witten solution [3] of N = 2 supersymmetric theory, which (upon a small

perturbation that breaks N =2 to N =1) explicitly exhibits the dual Meißner

mechanism of color confinement conjectured by Mandelstam [4] and ’t Hooft

[5] in the 1970’s and 80’s. This review is devoted to a recent addition to the

supersymmetry-based kit, which goes under the name of planar equivalence.

Some non-supersymmetric gauge theories — quite close relatives of QCD

— were shown [6–8] to be equivalent to supersymmetric gluodynamics in

a bosonic sub-sector, provided the number of colors N → ∞. Needless

to say that, if true, this statement has far-reaching consequences. A large

number of supersymmetry-based predictions, such as spectral degeneracies,

low-energy theorems, and so on, hold (to leading order in 1/N) in strongly

coupled non-supersymmetric gauge theories!

We will start this review by summarizing the basic features of the “main”

parent theory — supersymmetric gluodynamics, also known as supersym-

metric Yang–Mills (SYM) theory. We review the genesis of the idea of pla-

nar equivalence and its physical foundation, both at the perturbative and

non-perturbative levels. After a brief introduction on perturbative planar

equivalence, we proceed to the orientifold field theory, whose bosonic sec-

tor was argued [6] to be fully (i.e. perturbatively and non-perturbatively)

equivalent to SYM theory at N → ∞. At N = 3 the daughter theory is

also equivalent to one-flavor QCD. We explore the detailed consequences of

these equivalences.

Among other aspects, our review will demonstrate cross-fertilization be-

tween field theory and string theory. The idea of planar equivalence, born

in the depths of string theory, was reformulated and adapted to field theory,

where it found a life of its own and was developed to a point where practical

applications are looming.

Instead of summarizing here the main results and topics to be covered

— normal practice in an introductory section — we refer the reader to the

Table of Contents and to Sect. 15.
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2. Genesis of the idea a

Kachru and Silverstein studied [9] various orbifolds of R6 within the frame-

work of the AdS/CFT correspondence. Starting from N = 4, they obtained

distinct four-dimensional (daughter) gauge field theories with matter, with

varying degree of supersymmetry, N = 2, 1, 0, all with vanishing β functions.

In the latter case, N = 0, Kachru and Silverstein predicted the first coeffi-

cient of the Gell-Mann–Low function, β0, to vanish in the large-N (planar)

limit in the daughter theories, while for N = 2, 1 they predicted β0 = 0 even

for finite N . Shortly after their study, this analysis was expanded in [10],

where generic orbifold projections of N = 4 were considered, and those

preserving conformal invariance of the resulting — less supersymmetric —

gauge theories (at two loops) were identified.

A decisive step was made [11] by Bershadsky et al. These authors aban-

doned the AdS/CFT limit of large ’t Hooft coupling. They considered the

string perturbative expansion in the presence of D-branes embedded in orb-

ifolded space-time in the limit α′ → 0. In this limit the string perturbative

expansion coincides with the ’t Hooft 1/N expansion [12]. The genus-zero

string graphs can be identified with the leading (planar) term in the ’t Hooft

expansion, the genus-one is the next-to-leading correction, and so on. In [11]

one can find a proof that in the large-N limit the β functions of all orbifold

theories considered previously [9, 10] vanish to any finite order in the gauge

coupling constant. Moreover, a remarkable theorem was derived in [11]. The

authors showed that, not only the β functions, but a variety of amplitudes

which can be considered in the orbifold theories coincide in the large-N limit

(upon an appropriate rescaling of the gauge coupling) with the correspond-

ing amplitudes of the parent N = 4 theory, order by order in the gauge

coupling.

In a week or so, Bershadsky and Johansen abandoned the string theory

set-up altogether. They proved [13] the above theorem in the framework of

field theory per se.

In a parallel development, Kakushadze suggested [14] considering orien-

tifold rather than orbifold daughters of N = 4 theory. His construction was

close to that of Ref. [11], except that instead of the string expansion in the

presence of D-branes he added orientifold planes. The main emphasis was

on the search of N = 2, 1 daughters with gauge groups other than SU(N)

and matter fields other than bifundamentals.

The first attempt to apply the idea of orbifoldization to non-conformal

a This section can be omitted in a first reading. Subsequent sections explain much of its material.
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field theories was carried out by Schmaltz who suggested [15] a version of

Seiberg duality between a pair of non-supersymmetric large-N orbifold field

theories. Later on, the Z2 version of Schmaltz’ suggestion was realized in a

brane configuration of type-0 string theory [16].

After a few years of relative oblivion, interest in the issue of planar equiva-

lence was revived by Strassler [17]. In the inspiring paper entitled “On meth-

ods for extracting exact non-perturbative results in non-supersymmetric

gauge theories” he shifted the emphasis away from the search of the con-

formal daughters, towards engineering QCD-like daughters. Similarly to

Schmaltz, Strassler noted that one does not need to limit oneself to an

N = 4 parent; N = 1 gluodynamics, which is much closer to actual QCD,

gives rise to orbifold planar-equivalent daughters too. Although this equiva-

lence was proved only at the perturbative level, Strassler formulated a “non-

perturbative orbifold conjecture” (NPO). According to this conjecture, for

“those vacua which appear in both theories (i.e. parent and orbifold daugh-

ter) the Green’s functions which exist in both theories are identical in the

limit N → ∞ after an appropriate rescaling of the coupling constant”.

Unfortunately, it turned out [18,19] that the NPO conjecture could not be

valid. The orbifold daughter theories “remember” that they have fewer vacua

than the parent one, which results in a mismatch [18] in low-energy theorems.

In string theory language, the killing factor is the presence of tachyons in the

twisted sector. This is clearly seen in the light of the calculation presented

in Ref. [19].

The appeal of the idea was so strong, however, that the searches contin-

ued. They culminated in the discovery of the orientifold field theory [6] whose

planar equivalence to SYM theory, both perturbative and non-perturbative,

rests on a solid footing. The orientifold daughter has no twisted sector. The

SU(N) orientifold daughter and its parent, SU(N) N =1 gluodynamics, have

the same numbers of vacua.

3. The basic parent theory

Let us describe a prototypical parent theory of this review. It is a generic

supersymmetric gauge theory of the form

L =

{
1

4g2

∫
d2θ TrW 2 + h.c.

}
+ Lmatter , (3.1)

where the spinorial superfield Wα in the Wess-Zumino gauge is

Wα =
1

8
D̄2

(
e−VDαe

V
)

= i
(
λα + iθαD − θβ Gαβ − iθ2Dαα̇λ̄α̇

)
, (3.2)
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and Lmatter is the matter part of the Lagrangian,

Lmatter =
∑

matter

{
1

4

∫
d2θd2θ̄ Q̄eV Q +

(
1

2

∫
d2θW(Q) + h.c.

)}
, (3.3)

where Q is a generic notation for the matter chiral superfields and W(Q)

is their superpotential. As is seen from Eq. (3.2), Wα is nothing but the

superspace field strength.

The gauge group is assumed to be SU(N). The matter fields Q can belong

to various representations R of the gauge group. The definition of various

group-theoretical quantities is given at the very beginning of this review.

For the representations used in this paper the relevant Casimir operators

are collected in Table 1.

Table 1. The Casimir coefficients for relevant representations of SU(N).

Reps

Casimirs

HHHHHHH

Fundamental Adjoint 2-index A 2-index S

T (R) 1
2

N N−2
2

N+2
2

C(R) N2−1
2N

N
(N−2)(N+1)

N

(N+2)(N−1)
N

Most of this review will deal with N = 1 SYM theory, also known as

supersymmetric gluodynamics — the theory of gluons and gluinos. The

Lagrangian of the theory is obtained from Eq. (3.1) by omitting the matter

part. In component form

L = − 1

4g2
Ga
µνG

a
µν +

i

g2
λaαDαβ̇ λ̄

αβ̇ , (3.4)

where λ is the Weyl (Majorana) fermion in the adjoint representation, and

spinorial notation is used in the fermion sector. One can add, if one wishes,

a θ term,

Lθ =
θ

32π2
Ga
µνG̃

a
µν . (3.5)

For the time being we will set θ = 0.
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Later on we will let N → ∞, following ’t Hooft, i.e. keeping b

λ ≡ g2 N

8π2
≡ Nα

2π
= const. (3.6)

The distinction between QCD and SUSY gluodynamics lies in the fermion

sector — the QCD quarks are Dirac fermions in the fundamental represen-

tation of the gauge group.

The theory (3.4) is supersymmetric. The conserved spin-3/2 current J µβ
has the form (in spinorial notation)

Jβαα̇ ≡ (σµ)αα̇Jµβ =
2i

g2
Ga
αβ λ̄

a
α̇ . (3.7)

Moreover, the theory is believed to be confining, with a mass gap. Some new

semi-theoretical–semi-empirical arguments substantiating this point will be

provided later, see Sect. 6.3.

The spectrum of supersymmetric gluodynamics consists of composite

(color-singlet) hadrons which enter in degenerate supermultiplets. Note that

there is no conserved fermion-number current in the theory at hand. The

only U(1) symmetry of the classical Lagrangian (3.4),

λ → eiαλ , λ̄ → e−iαλ̄ ,

is broken at the quantum level by the chiral anomaly. A discrete Z2N sub-

group, λ → eπik/Nλ, is non-anomalous. It is known to be dynamically broken

down to Z2. The order parameter, the gluino condensate c 〈λλ〉, can take N

values,

〈λaαλa ,α〉 = −6NΛ3 exp

(
2πik

N

)
, k = 0, 1, ..., N − 1 , (3.8)

labeling the N distinct vacua of the theory (3.4), see Fig. 1. Here 〈...〉 means

averaging over the given vacuum state, and Λ is a dynamical scale, defined

b Here and below we follow the standard convention g2 = 4πα.
c The gluino condensate in supersymmetric gluodynamics was first conjectured, on the basis of

the value of his index, by E. Witten [20]. It was confirmed in an effective Lagrangian approach by

G. Veneziano and S. Yankielowicz [21], and exactly calculated (by using holomorphy and analytic

continuations in mass parameters [22]) by M. A. Shifman and A. I. Vainshtein [23]. The exact

value of the coefficient 6N in Eq. (3.8) can be extracted from several sources. All numerical factors

are carefully collected for SU(2) in the review paper [24]. A weak-coupling calculation for SU(N)

with arbitrary N was carried out in [25]. Note, however, that an unconventional definition of the

scale parameter Λ is used in Ref. [25]. One can pass to the conventional definition of Λ either

by normalizing the result to the SU(2) case [24] or by analyzing the context of Ref. [25]. Both

methods give one and the same result.



September 11, 2004 11:55 WSPC/Trim Size: 9.75in x 6.5in for Proceedings armoni

364 A. Armoni, M. Shifman, and G. Veneziano

in the standard manner (i.e. in accordance with Ref. [26]) in terms of the

ultraviolet parameters,

Λ3 =
2

3
M3

UV

8π2

Ng2
0

exp

(
− 8π2

Ng2
0

)
=

2

3
M3

UV

1

λ0
exp

(
− 1

λ0

)
, (3.9)

where MUV is the ultraviolet (UV) regulator mass, while g2
0 and λ0 are the

bare coupling constants.

Note that since Λ is expressible in terms of the ’t Hooft coupling, it is

explicitly N -independent. Equation (3.9) is exact [27] in supersymmetric

gluodynamics. If θ 6= 0, the exponent in Eq. (3.8) is replaced by

exp

(
2πik

N
+

i θ

N

)
.

x

x

xx

x

Im <    >

x

x

x

N vacua for  SU(N)

Re <    >λλ

λλ

Figure 1. The gluino condensate 〈λλ〉 is the order parameter labeling distinct vacua in super-

symmetric gluodynamics. For the SU(N) gauge group there are N discrete degenerate vacua.

All hadronic states are arranged in supermultiplets. The simplest is

the so-called chiral supermultiplet, which includes two (massive) spin-zero

mesons (with opposite parities), and a Majorana fermion with a Majorana

mass (alternatively, one can treat it as a Weyl fermion). The interpolating

operators producing the corresponding hadrons from the vacuum are G2,

GG̃ and Gλ. The vector supermultiplet consists of a spin-1 massive vector

particle, a 0+ scalar and a Dirac fermion. All the particles from one super-

multiplet have degenerate masses. Two-point functions are degenerate too

(modulo obvious kinematical spin factors). For instance,

〈G2(x) , G2(0)〉 = 〈GG̃(x) , GG̃(0)〉 = 〈Gλ(x) , Gλ(0)〉 . (3.10)
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Unlike what happens in conventional QCD, both the meson and fermion

masses in SUSY gluodynamics are expected to scale as N 0.

4. Orbifoldization and perturbative equivalence

The technique of orbifoldization was developed in the context of string/brane

theory, and it will be discussed in the string part of this review (Sect. 14).

Starting from supersymmetric gluodynamics with the gauge group SU(kN),

where k is an integer, one can perform a Zk orbifoldization.

The only thing we need to know at the moment, is that in orbifolding

the parent theory (3.4) one obtains a self-consistent daughter field theory

by judiciously discarding a number of fields in the Lagrangian (3.4). This

is illustrated in Fig. 2 corresponding to k = 2. The square presents the

color contents of the fields — gluon and gluino — of the daughter theory.

The gauge fields, which are retained in the daughter theory, belong to two

blocks on the main diagonal. Thus, the daughter theory has the gauge

symmetry SU(N)×SU(N). (Needless to say, there is no distinction at large

N between SU(N) and U(N).) This specific theory has a realization in

type-0 string theory [16]. To emphasize the fact that the gauge group is a

direct product it is convenient to use “tilded” indices for one SU(N), e.g.

(Aµ)
ĩ
j̃
, and “untilded” for another, e.g. (Gµν)

i
j , where i, j,= 1, 2, ..., N while

ĩ, j̃ = N + 1, ..., 2N .

i,j=1,...,N

i,j=N+1,...,2N

2N

2N

λα

i=N+1,...,2N

j=1,...,N

i=1,...,N

j=N+1,...,2N
~

Ai
j αλ

i

( )i j
~

~

)( i
j~ Ai

j

~
~

~~

j

Figure 2. Color decomposition of fields in the Z2-orbifold daughter.
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The fermion fields to be retained in the daughter theory belong to two

off-diagonal blocks in Fig. 2. Thus, each fermion carries one tilded and one

untilded color index. In other words, they are fundamentals with respect

to the first SU(N) and antifundamentals with respect to the second SU(N).

Such fields are called bifundamentals. Thus, in the daughter theory we deal

with two Weyl bifundamentals, (λα)i
j̃
(we will call it χ) and (λα)ĩj (we will call

it η). It is quite clear that they can be combined to form the four-component

(Dirac) bifundamental field

η, χ̄ → Ψĩ
j .

The Lagrangian of the daughter theory is

L = − 1

4g2
Gi
jG

j
i −

1

4g2
G ĩ
j̃
G j̃

ĩ
+

θ

32π2

(
Gi
jG̃

j
i + G ĩ

j̃
G̃ j̃

ĩ

)

+ Ψĩ
j i 6D Ψĩ

j , (4.1)

where

Dµ = ∂µ − i Aa
µT

a − i Ã a
µ T̃ a , (4.2)

and the θ term is included. Note that the perturbative planar equivalence

requires the gauge couplings of both SU(N)’s to be the same. Below they

will be denoted by g2
D. We will then assume that the vacuum angles are the

same too, as is indicated in Eq. (4.1).

The perturbative planar equivalence that holds between supersymmetric

gluodynamics and its orbifold daughter (4.1) requires a rescaling of the gauge

couplings in passing from the parent to the daughter theory, namely

g2
D = 2g2

P . (4.3)

In the general case of Zk orbifoldization the relation is

g2
D = kg2

P . (4.4)

The orbifold daughter is not supersymmetric. The color-singlet supercur-

rent (3.7) cannot be formed now since the color indices of the gauge fields

and the fermion fields cannot be contracted. In this way the orbifold daugh-

ter seems to be closer to genuine QCD than SUSY gluodynamics. In fact,

for N = 3 this is nothing but three-color/three-flavor “QCD” with a gauged

flavor group. (Note, that flavor SU(2) is gauged anyway in the electroweak

theory, albeit that the corresponding gauge coupling is small.)
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The absence of supersymmetry is not the only feature of (4.1) that distin-

guishes this theory from SUSY gluodynamics. The daughter theory possesses

a global U(1). The conserved fermion number current is Jµ = ΨγµΨ . Ap-

plying this vector current to the vacuum, one produces a vector meson that

has no counterpartners in the parent theory. One says that the operator Jµ
has no projection onto the parent theory. One can construct other operators

with similar properties. There are many hadronic states in the daughter

theory that have no analogues in the parent one. For instance, for odd N

one expects composite states with the quark content ΨΨ...Ψ ε ε̃ and masses

scaling as N . For even N , the daughter theory has no color-singlet fermions

at all.

The inverse is also true. For instance, the operator of the supercurrent

produces a spin-3/2 hadron from the vacuum state of SUSY gluodynamics,

which has no counterpart in the daughter theory. Therefore, in confronting

these theories it makes sense to compare only those sectors that have pro-

jections onto one another. Below we will refer to such sectors as common.

Under the Zk orbifoldization the gauge symmetry of the orbifold daughter

is SU(N)k, and all fermion fields in the daughter theory are bifundamentals.

Note that the daughter theory is chiral for k > 2, i.e. no mass term can

be introduced for the “quark” fields. Such daughter theories can be only

remotely related to QCD, if at all.

4.1. Perturbation theory

As was mentioned in Sect. 2, it was discovered in 1998 [13] that the Green

functions for operators which exist in both theories have identical planar

graphs d provided the rescaling (4.3) is implemented. In other words, pertur-

batively these Green’s functions in the parent (supersymmetric) and daugh-

ter (non-supersymmetric) theories coincide order by order in the large-N

limit. Motivation for the work [13] came from the string side. A detailed dis-

cussion of orbifoldization in various gauge theories can be found in Ref. [15].

Rather than presenting a general proof (it can be found in the original

publications, see e.g. [13]) we will illustrate this statement (see Fig. 3) by a

simple example of the correlation function of two axial currents,

(2/g2)(λ̄α̇)ij(λα)
j
i .

d This statement assumes that the daughter theory under consideration inherits the vacuum from

the parent theory, an important reservation given that there are more vacua in the parent theory

than in the daughter one. Perturbation theory does not distinguish between distinct vacua as long

as they are “untwisted”, i.e. Z2-symmetric.
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For computational purposes, it is convenient to keep the fermion fields in the

daughter theory in the same form (λα)ij , just constraining the color indices.

In the parent theory i, j run from 1 to 2N . In the daughter theory either

i ∈ [1, N ], j ∈ [N + 1, 2N ] or vice versa, i ∈ [N + 1, 2N ], j ∈ [1, N ]. In the

first case we deal with λi
j̃

in the second λĩj.

(b)

(a)

x x
xx

Aµ

Figure 3. Counting N factors in the correlation function of the axial currents. The ’t Hooft

diagrams are shown in dashed lines.

The easiest way to check the match is by analyzing relevant graphs in the

’t Hooft representation — each gluon or fermion line carrying two indices

is represented by a double line, see Fig. 3. In this way we readily see that

the weight of the graph 3a is 4N 2 (parent), 2N 2 (daughter), while that of

3b is 8N 3g2
P (parent), 2N 3g2

D (daughter). To get the latter estimate one

notes that if the first index of λ — the one forming the outside loop — is

untilded, the second index (corresponding to two inside loops in Fig. 3b) is

tilded, and vice versa. The parent-to-daughter ratio is 2 for both graphs 3a

and 3b, provided g2
D = 2 g2

P . Proceeding along these lines it is quite easy to

see that the parent-to-daughter ratio stays the same for any planar graph.

This proves the perturbative planar equivalence in the case at hand. The

proof can be readily extended to any correlation function that exists in both

supersymmetric gluodynamics and its orbifold daughter. In the common

sector these two theories are perturbatively equivalent at N = ∞.
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4.2. Consequences of perturbative planar equivalence

As we have just seen, a relationship can be established between two theories

in the large-N limit — one is supersymmetric, the other is not. Although

this relationship is admittedly perturbative, a natural question to ask is

whether one can benefit from it and, if so, how.

The exact β function of SU(2N) SUSY gluodynamics, established [27]

almost twenty years ago, is

β(αP ) ≡ dαP
d lnµ

= − 1

2π

6Nα2
P

1 − (NαP )/π
. (4.5)

Because of planar equivalence, it implies that the full β function in the (non-

supersymmetric) daughter theory is also known. Namely, in the ’t Hooft

limit,

β(αD) = − 1

2π

3Nα2
D

1 − (NαD)/(2π)
, (4.6)

where the relation (4.3) between the coupling constants in the parent and

orbifold theories is taken into account. Curiously, the β function (4.6) is

exactly the same as in SU(N) SUSY gluodynamics.

5. Non-perturbative orbifold conjecture

It is non-perturbative dynamics which is our prime concern in strongly cou-

pled gauge theories. Non-perturbative effects are at the heart of key phe-

nomena such as confinement, chiral symmetry breaking, and so on. Strassler

conjectured [17] that the planar Feynman graph equivalence discussed in

Sect. 4 extends to non-perturbative phenomena, namely Green’s functions

for the color-singlet operators that appear in both theories are identical at

N → ∞, including non-perturbative effects. This suggestion is referred to

as the non-perturbative orbifold (NPO) conjecture.

Unfortunately, Strassler’s suggestion, in its original form, is not valid [18],

as we will see shortly. It played an important role, however, in paving the

way for further developments. Analyzing why orbifold daughters fail to

retain planar equivalence at non-perturbative level, one can guess how one

can engineer daughters free from these drawbacks and thus have a better

chance to be non-perturbatively planar-equivalent to their supersymmetric

parents (Sect. 6).
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5.1. The vacuum structure and low-energy theorems

In order to go over to a non-perturbative analysis, let us first compare the

number of vacua in the SU(kN) supersymmetric gluodynamics to that of its

Zk daughter.

The vacua in the parent theory are counted by Witten’s index [20]. They

are labeled by the gluino condensate, see Eq. (3.8), which for SU(kN) takes

kN distinct values, so that we have kN degenerate vacua. For k = 2, the

simplest case with which we will deal below, there are 2N supersymmetric

vacua in the parent theory.

At the same time, the number of vacua in the orbifold theory is twice

smaller. This is easy to see from the discrete chiral invariance of the daughter

theory. Generally speaking, the theory (4.1) is not invariant under the chiral

rotation

χ → χ eiα , η → ηeiα , (5.1)

since under this rotation the vacuum angle θ is shifted, θ → θ + 2N α.

However, if

α = kπ/N , k integer , (5.2)

then δθ = 2π k, and such a discrete rotation is an invariance of the theory.

The integer parameter k in Eq. (5.2) clearly runs from 1 to 2N . However,

only the phase of the bilinear operator χη distinguishes the different vacua.

In other words, the condensate 〈χη〉 breaks (spontaneously) Z2N , the discrete

symmetry surviving the axial anomaly in the theory (4.1), down to Z2. We

conclude that the daughter theory has N distinct vacua.

The phase of the bifermion operator per se is unobservable. One makes

it observable by introducing a small mass term (which we will need anyway

in order to regularize fermion determinants, see Sect. 6),

Lm =





− m
2g2P

λaλa + h.c.

− m
g2D

χη + h.c.
. (5.3)

The vacua are no longer degenerate; the vacuum energy densities split,

Evac =





m
2g2P

〈vack|λaλa|vack〉0 eiθ/(2N) + h.c.

m
g2D

〈vack|χη|vack〉0 eiθ/N + h.c.
+ O(m2) , (5.4)

where |vack〉 denotes the k-th vacuum, while the subscript 0 marks the value

of the condensate at θ = 0. Finally, besides the vacuum energy densities, we
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will consider topological susceptibilities defined as

T = −∂2Evac

∂θ2

∣∣∣∣
θ=0

= i

∫
d4x

〈
1

32π2
GG̃(x),

1

32π2
GG̃(0)

〉

conn

, (5.5)

where the definition of GG̃ in the parent and orbifold theories is given in

(3.5) and (4.1) respectively.

Now, we can assemble all the above elements to prove that the NPO

conjecture does not work. Indeed, assume it does. Then EDvac = EPvac. Here

we choose a pair of “corresponding” vacua. Remember, the parent theory

has twice as many vacua. We take the one that can be projected onto the

daughter theory. Equation (5.4) implies that in the given vacuum TP = 1
4 TD.

On the other hand, the topological susceptibilities in the given vacuum

are measurable, for instance, on lattices. The statement that TP = 1
4 TD is

in disagreement with the definition (5.5) by a factor of 2 [18]. Thus, the non-

perturbative sector of the orbifold theory remembers the mismatch between

the number of vacua in the parent and daughter theories.

5.2. What makes orbifold daughters unsuitable?

The underlying reason for the failure of the NPO conjecture is most clearly

seen in the string-theory language; it is the presence of tachyons in the

twisted sector. We defer the corresponding discussion to Sect. 14. Here

we will present some field-theoretical arguments illustrating the devastating

consequences of the presence of the twisted sector.

First, let us explain what the twisted sector is in the field-theoretical

language. To this end we will recast Fig. 2, summarizing the content of the

Z2 orbifold daughter, in a slightly different way, see Table 2.

Table 2. The Z2 orb-

ifold theory.

Ue(N)×Um(N)

Ae
e Adj 1

Am
m 1 Adj

λe
m

λm
e

We replaced the untilded indices in Fig. 2 by generic sub/superscripts e

(meaning electric) while the tilded indices by m (meaning magnetic). As we

will see in Sect. 14, the Z2 orbifold theory has a realization in type 0A theory

[16]. It lives on a brane configuration of type 0A, which consists of “electric”

and “magnetic” D-branes. This is the origin of the sub/superscripts e and
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m in Table 2. The Z2 orbifold theory is obviously Z2-symmetric under the

exchange of all indices e → m and vice versa.

Let us divide all color-singlet operators of the Z2 daughter in two classes:

(i) those that are invariant (even) under the above Z2 symmetry, and (ii)

those that are non-invariant (odd). The operators from the second class are

called twisted. For instance, Ge
eG

e
e − Gm

mGm
m is a twisted operator, whereas

Ge
eG

e
e + Gm

mGm
m is untwisted.

The perturbative relation between the orbifold theory and its supersym-

metric parent concerns only the untwisted sector [11,13]. The parent theory

does not carry information about the twisted sector of the daughter theory.

The NPO conjecture assumes that the vacuum of the daughter theory is

Z2-invariant. However, this need not be the case.

A possible sign of the Z2 instability can be obtained just in perturbation

theory. Indeed, let us assume that at some ultraviolet (UV) scale, where

perturbation theory is applicable, the gauge couplings of the two SU(N)

factors in the orbifold theory are slightly different. We will denote them by

8π2/(Ng2
e ) = 1/λe and 8π2/(Ng2

m) = 1/λm. It is not difficult to find the

renormalization group flow of δλ towards the infrared (IR) domain. As long

as δλ � λe,m we have

d(δλ)

d lnµ
= −3λ2 (δλ) + higher orders . (5.6)

Neglecting the weak logarithmic µ dependence of λ, we obtain

δλ(µ) = δλ(µ0)

(
µ0

µ

)3λ2

. (5.7)

Even if δλ is small in the UV, it grows exponentially towards the IR domain.

A similar analysis of the conformal orbifold daughter of N =4 SUSY theory

was carried out in Ref. [28], and a similar conclusion about such IR instability

was reached.

The advantage of the orientifold theory over the orbifold theory is the

absence of the twisted sector. Moreover, the gauge groups are the same in

the parent and daughter theories, and so are the patterns of the spontaneous

breaking of the global symmetry and the numbers of vacua. This is also seen

from the string-theory standpoint. The orbifold field theory originates from

the type 0A string theory, which is obtained by a Z2 orbifold of type IIA.

The result is a bosonic string theory with a tachyon in the twisted sector.

In contrast, the orientifold field theory originates from a configuration with

an orientifold that removes the twisted sector (the result is very similar to

the bosonic part of the type I string).
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Another way to search for instabilities in the twisted sector was suggested

in [18]. The logic is as follows. Since the perturbative planar equivalence

between the SUSY parent and orbifold daughter does not depend on the

geometry of space-time, one can compactify one or more dimensions, making

the compactified dimension small, so that the theory in question becomes

weakly coupled. Then one can compare the parent and the orbifold theories

at weak coupling.

Tong considered [19] an R3 × S compactification. On R3 × S, the third

spatial component of the gluon field becomes a scalar field with a flat (van-

ishing) potential at the classical level, (A3)
i
j → φij. (Alternatively, one can

speak of the Polyakov line in the x3 direction.) In the parent theory the

flatness is perturbatively maintained to all orders owing to supersymmetry.

Non-perturbatively, the flatness is lifted by R3 × S instantons (monopoles),

which generate a superpotential. As it turns out, in supersymmetric vacua

the non-Abelian gauge symmetry is broken by 〈φij〉 = viδ
i
j , down to U(1)2N ,

so that the theory is in the Coulomb phase [25].

In the daughter theory the situation is drastically different; a potential

is generated at one loop, making the point of the broken gauge symmetry

unstable. Shifting away from this point, for a trial, one finds oneself in the

Z2-non-invariant (twisted) sector, for which no planar equivalence exists, and

which proves to be energetically favored in the orbifold theory on R3 × S.

In this true vacuum the energy density is negative rather than zero, and the

full gauge symmetry is restored. The daughter theory is in the confining

phase. Obviously, there can be no equivalence.

6. Orientifold field theory and N =1 gluodynamics

Having concluded that, regretfully, the planar equivalence of the orbifold

daughters does not extend to the non-perturbative level, we move on to

another class of theories, called orientifolds, which have lately given rise to

great expectations. In this section we will argue that in the N → ∞ limit

there is a sector in the orientifold theory exactly identical to N = 1 SYM

theory, and, therefore, exact results on the IR behavior of this theory can

be obtained. This sector is referred to as the common sector.

The parent theory is N =1 SUSY gluodynamics with gauge group SU(N).

The daughter theory has the same gauge group and the same gauge coupling.

The gluino field λij is replaced by two Weyl spinors η[ij] and ξ[ij], with two

antisymmetrized indices. We can combine the Weyl spinors into one Dirac

spinor, either Ψ[ij] or Ψ[ij]. Note that the number of fermion degrees of

freedom in Ψ[ij] is N2 −N , as in the parent theory in the large-N limit. We
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call this daughter theory orientifold A.

There is another version of the orientifold daughter — orientifold S. In-

stead of the antisymmetrization of the two-index spinors, we can perform

symmetrization, so that λij → (η{ij} , ξ{ij}). The number of degrees of free-

dom in Ψ{ij} is N2 + N . The field contents of the orientifold theories is

shown in Table 3. We will mostly focus on the antisymmetric daughter since

it is of more physical interest; see Sect. 9.

Table 3. The field content of the orientifold theories. Here, η and ξ are two Weyl

fermions, while Aµ stands for the gauge bosons. In the left (right) parts of the table the

fermions are in the two-index symmetric (antisymmetric) representation of the gauge

group SU(N). Moreover, UV (1) is the conserved global symmetry while the UA(1)

symmetry is lost at the quantum level, because of the chiral anomaly. A discrete

subgroup remains unbroken.

SU(N) UV (1) UA(1)

η{ij} 1 1

ξ{ij} −1 1

Aµ Adj 0 0

SU(N) UV (1) UA(1)

η[ij] 1 1

ξ[ij] −1 1

Aµ Adj 0 0

The hadronic (color-singlet) sectors of the parent and daughter theories

are different. In the parent theory composite fermions with mass scaling

as N0 exist, and, moreover, they are degenerate with their bosonic SUSY

counterparts. In the daughter theory any interpolating color-singlet current

with the fermion quantum numbers (if it exists at all) contains a number of

constituents growing with N . Hence, at N = ∞ the spectrum contains only

bosons.

Classically the parent theory has a single global symmetry — an R sym-

metry corresponding to the chiral rotations of the gluino field. Instantons

break this symmetry down to Z2N . The daughter theory has, on top, a

conserved anomaly-free current

η̄α̇ηα − ξ̄α̇ξα . (6.1)

In terms of the Dirac spinor this is the vector current Ψ̄γµΨ. If the corre-

sponding charge is denoted by Q, then necessarily Q = 0 in the color-singlet

bosonic sector. Thus, the only residual global symmetry in both theories is

Z2N spontaneously broken down to Z2 by the respective bi-fermion con-

densates. This explains the existence of N vacua e in both cases.

e At finite N the parent theory has N vacua, while the orientifold daughters have N −2 and N +2
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We will compare the bosonic sectors of the parent and daughter theo-

ries. Note that the part of the daughter theory’s bosonic sector probed by

operators of the type (6.1), which have no analogs in the parent theory, is

inaccessible. Such a sector of the theory does not belong to the common

sector.

6.1. Perturbative equivalence

Let us start from perturbative considerations. The Feynman rules of the

planar theory are shown in Fig. 4.

The difference between the orientifold theory and N = 1 gluodynamics

is that the arrows on the fermionic lines point in the same direction, since

the fermion is in the antisymmetric representation, in contrast to the super-

symmetric theory where the gaugino is in the adjoint representation and the

arrows point in opposite directions. This difference between the two theories

does not affect planar graphs, provided that each gaugino line is replaced by

the sum of η[..] and ξ[..].

+−

a b c

Figure 4. (a) The fermion propagator and the fermion-fermion-gluon vertex. (b) N = 1 SYM

theory. (c) Orientifold daughter.

There is a one-to-one correspondence between the planar graphs of the

two theories. Diagrammatically this works as follows (see, for example,

Fig. 5). Consider any planar diagram of the daughter theory: by defini-

tion of planarity, it can be drawn on a sphere. The fermionic propagators

form closed, non-intersecting loops that divide the sphere into regions. Each

time we cross a fermionic line the orientation of color-index loops (each one

in the antisymmetric and symmetric versions, respectively.
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producing a factor N) changes from clock to counter-clockwise, and vice-

versa, as is graphically demonstrated in Fig. 5c. Thus, the fermionic loops

allow one to attribute to each of the above regions a binary label (say ±1),

according to whether the color loops go clock or counter-clockwise in the

given region. Imagine now that one cuts out all the regions with a −1 label

and glues them again on the sphere after having flipped them upside down.

We will get a planar diagram of the SYM theory in which all color loops go,

by convention, clockwise. The number associated with both diagrams will

be the same since the diagrams inside each region always contain an even

number of powers of g, so that the relative minus signs of Fig. 4 do not

matter.

In fact, in the above argument, we cut corners, so that the careful reader

might get somewhat puzzled. For instance, in the parent theory gluinos are

Weyl (Majorana) fermions, while fermions in the daughter theory are Dirac

fermions. Therefore, we hasten to add a few explanatory remarks, which

will, hopefully, leave the careful reader fully satisfied.

First, let us replace the Weyl (Majorana) gluino of N =1 gluodynamics

by a Dirac spinor Ψi
j. Each fermion loop in the original theory is then

obtained from the Dirac loop by multiplying the latter by 1/2. Let us keep

this factor 1/2 in mind.

On the daughter theory side, instead of considering the antisymmetric

spinor Ψ[ij] or the symmetric one, Ψ{ij}, we will consider a Dirac spinor in

the reducible two-index representation Ψij, without imposing any conditions

on i, j. Thus, this reducible two-index representation is a sum of + .

It is rather obvious that at N → ∞ any loop of Ψ[ij] yields the same result

as the very same loop with Ψ{ij}, which implies, in turn, that in order to get

the fermion loop in, say, an antisymmetric orientifold daughter, one can take

the Dirac fermion loop in the above reducible representation, and multiply

it by 1/2.

Given the same factor 1/2 on the side of the parent and daughter theories,

what remains to be done is to prove that the Dirac fermion loops for Ψi
j and

Ψij are identical at N → ∞. We will therefore focus on the color factors.

Let the generator of SU(N) in the fundamental representation be T a,

while that in the antifundamental one will be T̄ a,

T a = T a , T̄ a = T a . (6.2)

Then the generator in the adjoint representation is

T a
Adj ∼ T a

×
= T a ⊗ 1 + 1 ⊗ T a ≡ T a ⊗ 1 + 1 ⊗ T̄ a , (6.3)
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where we used the large-N limit to neglect the singlet. Moreover, in the

daughter theory the generator of the reducible ⊗ representation can be

written as

T a
two−index = T a ⊗ 1 + 1 ⊗ T a ≡ T a ⊗ 1 + 1 ⊗ T a

or T̄ a ⊗ 1 + 1 ⊗ T̄ a . (6.4)

One more thing which we will need to know is the fact that

T̄ = −T̃ = −T ∗ , (6.5)

where the tilde denotes the transposed matrix.

Let us examine the color structure of a generic planar diagram for a

gauge-invariant quantity. For example, Fig. 5a exhibits a four-loop planar

graph for the vacuum energy. The color decomposition (6.3) and (6.4) is

equivalent to using the ’t Hooft double-line notation, see Figs. 5b,c. In the

parent theory each fermion–gluon vertex contains T a
Adj; in passing to the

daughter theory we replace T a
Adj → T a

two−index.

Upon substitution of Eqs. (6.3) and (6.4) the graph at hand splits into

two (disconnected!) parts; the inner one (inside the dotted ellipse in Fig. 5c),

and the outer one (outside the dotted ellipse in Fig. 5c). These two parts

do not “talk to each other,” because of planarity (large-N limit). The outer

parts are the same in Figs. 5b,c. They are proportional to the trace of the

product of two T ’s in the two cases

Tr (T̄ aT̄ a) .

This is the first factor. The second one comes from the inner part of

Figs. 5b,c. In the parent theory the inner factor is built out of 6 T ’s —

one in each fermion–gluon vertex, and three T ’s in the three-gluon vertex

Tr ([AµAν ] ∂µAν), where Aµ ≡ Aa
µT

a. In the daughter theory the inner

factor is obtained from that in the parent one by replacing all T ’s by T̄ ’s.

According to Eq. (6.5), T̄ = −T̃ (remember that a tilde denotes the trans-

posed matrix). This fact implies that the only difference between the inner

blocks in Figs. 5b,c is the reversal of the direction of the color flow on each

of the ’t Hooft lines. Since the inner part is a color-singlet by itself, the

above reversal has no impact on the color factor — they are identical in the

parent and daughter theories.

It is, perhaps, instructive to illustrate how this works using a more con-

ventional notation. For the inner part of the graph in Fig. 5b we have

the color factor Tr (T aT bT c) fabc, while in the daughter theory we have
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Tr (T̄ aT̄ bT̄ c) fabc. Using the fact that

[T aT b] = ifabcT c and [T̄ aT̄ b] = ifabcT̄ c ,

we immediately come to the conclusion that the above two expressions co-

incide.

a)

b)

c)

Figure 5. (a) A typical planar contribution to the vacuum energy. (b and c) The same in the ’t

Hooft notation for (b) N =1 SYM theory; (c) orientifold daughter.

Thus, all perturbative results that we are aware of in N =1 SYM theory

apply in the orientifold model as well. For example, the β function of the

orientifold field theory is

β = − 1

2π

3Nα2

1 − (Nα)/(2π)

{
1 + O

(
1

N

)}
. (6.6)

In the large-N limit it coincides with the N =1 SYM theory result [27]. Note

that the corrections are 1/N rather than 1/N 2. For instance, the exact first

coefficient of the β function is −3N − 4/3 versus −3N in the parent theory.

6.2. Non-perturbative equivalence proof

Now we will argue that the perturbative argument can be elevated to the

non-perturbative level in the case at hand. A heuristic argument in favor of

the non-perturbative equivalence is that the coincidence of all planar graphs

of the two theories implies that the relevant Casimir operators of the two

representations are equivalent in the large-N limit. The partition functions
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of the two theories depend on the Casimir operators and, therefore, must

coincide as well.

A more formal line of reasoning is as follows. It is essential that the

fermion fields enter bilinearly in the action, and that for any given gauge-

field configuration in the parent theory there is exactly the same configuration

in the daughter one. Our idea is to integrate out fermion fields for any fixed

gluon-field configuration, which yields respective determinants, and then

compare them.

Consider the partition function of N =1 SYM theory,

Z0 =

∫
DADλ exp (iS[A, λ, J ]) , (6.7)

where J is any source coupled to color-singlet gluon operators. (Appropriate

color-singlet fermion bilinears can be considered too.)

For any given gluon field, upon integrating out the gaugino field, we

obtain

Z0 =

∫
DA exp (iS[A, J ]) det

(
i 6∂+ 6AaT a

Adj

)
, (6.8)

where T a
Adj is a generator in the adjoint representation.

If one integrates out the fermion fields in the non-supersymmetric orien-

tifold theory, at fixed A, one arrives at a similar expression, but with the

generators of the antisymmetric (or symmetric) representation instead of the

adjoint, T a
Adj → T a

asymm or T a
symm.

To compare the fermion determinants in the parent and daughter theories

(assuming that the gauge field configuration Aa
µ(x), a = 1, ..., N 2, is the

same and fixed), we must cast both fermion operators in similar forms. To

this end we will extend both theories. In the parent one we introduce a

second adjoint Weyl fermion ξij and combine two Weyl fermions into one

Dirac adjoint fermion Ψi
j . The determinant in this extended theory is the

square of the original one.

In the daughter theory, instead of Ψ[ij], we will work with the reducible

representation, combining both symmetric and antisymmetric into the Dirac

field Ψij (no (anti)symmetrization over the color indices). Then the number

of fermion Dirac fields, N 2, is the same as in the extended parent. Again,

as in the previous case, the determinant in the extended daughter theory

is the square of the original one. To avoid zero modes, which might make

determinants ill-defined, we must impose an IR regularization. To this end

we will introduce small fermion mass terms, which will render determinants

well-defined. As usual, it is assumed that the vanishing mass limit is smooth,
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which must be the case in the confining regime.

Since the theory, being vector-like, is anomaly free, the determinant in

Eq. (6.8) is a gauge-invariant object and, thus, can be expanded in Wilson-

loops operators

WC [AAdj] = TrP exp

(
i

∫

C
Aa
µT

a
Adj dxµ

)
. (6.9)

For other representations, the Wilson-loop operator is defined in a similar

manner. Thus, one can write

D ≡ det
(
i 6∂+ 6AaT a

Adj − m
)

=
∑

C

αC WC [AAdj] . (6.10)

Equation (6.3) then implies that

D =
∑

C

αC TrP exp

(
i

∫

C
Aa
µ (T a ⊗ 1 + 1 ⊗ T̄ a) dxµ

)
. (6.11)

Moreover, since the commutator is such that

[(T a ⊗ 1), (1 ⊗ T̄ a)] = 0 ,

the determinant (6.11) can be rewritten as

D =
∑

C

αC TrP exp

(
i

∫

C
Aa
µT

a dxµ
)

TrP exp

(
i

∫

C
Aa
µT̄

a dxµ
)

. (6.12)

As a result, the partition function takes the form

Z0 =
∑

C

αC 〈WC [A ] W∗
C [A ] 〉 . (6.13)

One of the two most crucial points of the proof is the applicability of factor-

ization in the large-N limit,

Z0 =
∑

C

αC 〈WC(A ) 〉 〈W∗
C(A ) 〉 =

∑

C

αC 〈WC(A ) 〉2 . (6.14)

In the second equality in Eq. (6.14) we used the second most crucial point,

the reality of the Wilson loop,

〈WC 〉 = 〈W∗
C 〉 . (6.15)

The partition function (6.14) is exactly the same as that obtained in the

(extended) orientifold theory upon exploiting Eq. (6.4), factorization,

Zorientifold =
∑

C

αC 〈WC(A ) 〉 〈WC(A ) 〉 , (6.16)
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and a third ingredient; independence of the expansion coefficients αC of the

fermion representation.

At this point we can take the square root of the determinants of the two

extended theories. Owing to the non-vanishing mass, the determinants do

not vanish and no sign ambiguities arise. In the parent theory we recover the

(softly broken) super-Yang–Mills determinant, while in the daughter theory,

given the planar equivalence of the symmetric and antisymmetric represen-

tations, we recover either one of them. We finally take the (supposedly)

smooth massless limit and, thus, prove our central result.

Let us ask, “What is the critical difference between the orbifold and

orientifold theories, which makes the elevation of the perturbative planar

equivalence possible to the non-perturbative level in the latter case, while this

does not work in the former?” The answer is quite clear. In the orientifold

theories one can choose the very same gauge field configurations as in N = 1

gluodynamics, one by one, and compare the fermion determinants in the

given gauge field background. This is due to the fact that the gauge groups

are the same in the parent and daughter theories. In the orbifold theories

the gauge group is different from that of the parent (SU(N)k vs. SU(kN)).

The presence of the twisted sector makes such a strategy impossible.

6.3. Special case: one-flavor QCD

Let us focus our attention on the orientifold A daughter. Why does it seem

to be of more practical importance than orientifold S? Let us assume that

1/N corrections are manageable. We will discuss them in more detail in

Sect. 9. Here, anticipating this discussion, it will be sufficient to assume

that nothing dramatic happens on the way from N = ∞ down to N = 3, no

phase transition, for instance. This is a pretty natural assumption implying

that the dynamical regime of the orientifold A theory does not qualitatively

change in the descent from N = ∞ down to N = 3.f

At N = 3 the two-index antisymmetric Dirac field is identical to the Dirac

field in the fundamental representation. This is nothing but a standard quark

field. Thus, we arrive at a correspondence between N =1 gluodynamics and

one-flavor QCD! Although one-flavor QCD is still not the theory of our world,

it is a very close relative into which QCD theorists and lattice practitioners

have a rich insight. One-flavor QCD is known to be a confining theory with

a mass gap. Therefore, we can reverse the direction of our consideration and

f If for some reasons beyond our grasp there were a phase transition in N en route, this would be

a remarkable discovery by itself.
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state that N =1 gluodynamics enjoys the same features — confinement and

a mass gap. Certainly, this was a general belief in the past. The status of

this statement can now be elevated; we can turn a folklore statement into a

motivated argument.

6.4. Summary of the main results

To conclude this key section we briefly summarize its main results. We have

shown that the partition functions of the orientifold field theory and N =1

SYM theory coincide at large N . All color-singlet correlation functions,

which involve gluons as sources, are the same in the parent and daugh-

ter theories. This statement is also valid for the fermion-bilinear sources

that can be projected onto each other in both theories. As a consequence,

the glueball spectrum in the daughter theory is identical to that of SUSY

gluodynamics. In particular, there is a degeneracy between 0± glueballs.

This degeneracy of the bosonic spectrum extends much further: all mesons

originating from one and the same supermultiplet in the parent theory are

inherited by the daughter theory, and their mass degeneracy is part of this

inheritance. There is an infinite number of such “unexpected” degeneracies

in the orientifold theories at N = ∞. At the same time, unlike N =1 gluo-

dynamics, the orientifold daughter theories have no color-singlet fermions at

N = ∞. Finally, at N = 3, the orientifold A theory is identical to one-flavor

massless QCD.

7. Non-supersymmetric parent–daughter pairs

A simple proliferation of the fermion fields in the form of “flavors” leads to

non-supersymmetric parent–daughter pairs. This was mentioned in passing

in Ref. [18] in the context of Z2 orbifolds, while in the orientifold field theories

the issue of non-supersymmetric planar-equivalent pairs was raised in Ref. [6]

and analyzed in [29]. For instance, gauge theories with the same number of

Dirac fermions either in the antisymmetric two-index or symmetric two-index

representations are planar-equivalent.

Here we would like to discuss in more detail parent–daughter pairs which

are obtained from N = 1 gluodynamics and its orientifold A daughter by

introducing fermion replicas. Thus, as previously, the parent and daughter

theories share one and the same gauge group, SU(N), and one and the same

gauge coupling.g The two respective fermion sectors are:

g As previously, at large N we disregard the distinction between SU(N) and U(N).
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(i) k species of the Weyl fermions in the adjoint, to be denoted as
(
λA

)i
j
;

(ii) k species of the Dirac fermions
(
ΨA

)
[ij]

or
(
ΨA

)[ij]
.

Here i, j are (anti)fundamental indices running i, j = 1, 2, ..., N , while

A is the flavor index running A = 1, 2, .., k. Note that k ≤ 5. Otherwise

we loose asymptotic freedom. Each Dirac fermion is equivalent to two Weyl

fermions,

Ψ[ij] → {η[ij] , ξ[ij]} .

Of course, since both theories are non-supersymmetric, the predictive

power is significantly reduced with respect to the case of the SUSY parent.

Still, one can benefit from the comparison of both theories, in particular, the

Nambu–Goldstone boson sectors. Of some interest is also the comparison of

the respective Skyrme models. We will say a few words on that at the end

of the section.

Let us start with the case (ii), k species of Ψ[ij]. Since the fermion fields

are Dirac and belong to the complex representation of the gauge group,

the theory has the same (non-anomalous) chiral symmetry as QCD with k

flavors, namely, SU(k)L × SU(k)R. Various arguments tell us [30–32] that

the pattern of the chiral symmetry breaking is the same as in QCD too,

namely

SU(k)L × SU(k)R → SU(k)V . (7.1)

The only distinction is that in QCD the constant f scales as
√

N Λ while in

our case its scaling law is N Λ. Moreover, the coefficient n in front of the

Wess–Zumino–Novikov–Witten term Γ (see e.g. Ref. [33]) equals N in QCD

and (1/2)N(N − 1) in the case at hand (see below).

All axial (non-anomalous) currents are spontaneously broken, giving rise

to k2 − 1 Nambu–Goldstone “mesons.” Some of them — those coupled to

the axial currents that can be elevated from the daughter theory (ii) to the

parent theory (i) — persist in the parent theory (i), where the fermion fields

belong to the real representation. In these channels the couplings of the

“parent” Nambu–Goldstone bosons to the corresponding axial currents are

the same as in the daughter theory. This is because of the planar equivalence

of two theories in the common sector.

A crucial point is that not all axial currents can be elevated from the

daughter to the parent theory. Remember, say, that the currents with the

structure ξ̄ξ− η̄η cannot be elevated from (ii) to (i). Therefore, in comparing

these two theories, one must identify such currents and exclude them from
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the parent theory.

It is not difficult to count the number of the axial currents that are

elevated from (ii) to (i); there are (1/2)k(k − 1) off-diagonal currents of the

type ξ̄AξB + η̄AηB (A 6= B) plus (k − 1) diagonal axial currents of the type∑
cA(ξ̄AξA + η̄AηA), with

∑
cA = 0 and C1 = 1. Altogether, we get

k(k + 1)

2
− 1

Nambu–Goldstone bosons. This corresponds to the following pattern of

chiral symmetry breaking in the parent theory:

SU(k) → SO(k) , (7.2)

with the Nambu-Goldstone bosons in the symmetric and traceless two-index

representation of SO(k).

The pattern of the chiral symmetry breaking for the quarks belonging to

real representations of the gauge group indicated in Eq. (7.2) was advocated

many times in the literature [30–32, 34], but no complete proof was ever

given.

We conclude this section by a brief comment on the topological prop-

erties of the chiral Lagrangian, corresponding to the above patterns of the

chiral symmetry breaking, and how they match the underlying gauge field

theory expectations. The theory (i) is confining and supports flux tubes —

fundamental color charges cannot be screened. On the other hand, we do

not expect stable baryons with mass growing with N . Color-singlet states

composed of gluons and
(
λA

)i
j

form baryons with M ∼ N 0.

At the same time, the theory (ii) does not have baryons with M ∼ N 0.

Here the baryon masses grow with N . The theory is expected to be confining

too, but two flux tubes (each attached to a color source in the fundamental

representation) can be screened h by
(
ΨA

)
[ij]

.

As was suggested in Refs. [33, 34], at large N one can try to identify

baryons with the Skyrmions supported by the corresponding chiral La-

grangians. Since

π3 {SU(k)/O(k)} = Z4 at k = 3, π3 {SU(k)/O(k)} = Z2 at k ≥ 4,

π3 {SU(k)} = Z at all k , (7.3)

h Although two fundamental strings put together can break via creation of a pair Ψ[ij] +Ψ[ij], the

breaking is suppressed by 1/N factors and does not occur at N = ∞. For a recent review see [35].
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both theories, (i) and (ii), yield Skyrmions with MSkyrme ∼ N2, albeit the

theory (ii) has a richer spectrum. The above scaling law, MSkyrme ∼ N2, is

due to the fact that f scales as N in the theories under consideration.

The Skyrmion statistics is determined by the (quantized) factor in front

of the Wess–Zumino–Novikov–Witten term,

(−1)N(N−1)/2 . (7.4)

It has half-integer spin provided that N(N − 1)/2 is odd, i.e. N = 4p + 2

or N = 4p + 3 where p is an integer. In both cases one can construct, in

the microscopic theory, interpolating baryon currents with an odd number

of constituents scaling as N . Why then does the Skyrmion mass scale as

N2?

A possible explanation is as follows. For quarks in the fundamental rep-

resentation of SU(N) the color wave function is antisymmetric, which allows

all of them to be in an S wave in coordinate space. With antisymmetric

two-index spinor fields, the color wave function is symmetric, which would

require them to occupy orbits with angular momentum up to ∼ N . Then

the scaling law MSkyrme ∼ N2 seems natural.

Since π2 {SU(k)} = 0 the chiral sector of the theory (ii) does not support

flux tubes. Though disappointing, such a situation was anticipated by Wit-

ten [34] who noted that the topology of the full space of the large-N theory

need not coincide with the topology of its Nambu–Goldstone sector.

In the light of this remark we can understand the complete failure of

the Skyrmion description of theory (i). In particular, since π2 {SU(k)/O(k)}
= Z2, at k ≥ 3 we have flux tubes in the chiral theory, while we do not

expect them in the microscopic theory. Moreover, stable Skyrmions of the

chiral sector should become unstable in the full theory.

It remains to be seen whether meaningful predictions regarding QCD

baryons can be obtained from the large-N limit of the orientifold theory

with two or three flavors.

8. Orientifold large-N expansion

8.1. General features (Nf > 1 fixed, N large)

We will now abandon for a while the topic of planar equivalence, and look

at the SU(N) orientifold theories with Nf flavors discussed in Sect. 7 from

a more general perspective. We will focus on the antisymmetric orientifold

theories, assuming that Nf does not scale with N at large N , say, Nf = 1,

2 or 3. We will return to the issue of planar equivalence later.
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As was noted in Sect. 6.3, if N = 3 (i.e. if the gauge group is SU(3))

the two-index antisymmetric quark is identical to the standard quark in the

fundamental representation. Therefore, it is quite obvious that extrapolation

to large N , with the subsequent 1/N expansion, can have distinct starting

points: (i) quarks in the fundamental representation; (ii) quarks in the two-

index antisymmetric representation; (iii) a combination thereof. The first

option gives rise to the standard ’t Hooft 1/N expansion [12, 36], while the

second and third lead to a new expansion [7,8], to which we will refer as the

orientifold large-N expansion.i

The ’t Hooft expansion is the simplest and the oldest 1/N expansion

to have been designed specifically for QCD. The ’t Hooft limit assumes N

to be large, while keeping the ’t Hooft coupling (3.6) fixed. If the number

of quark flavors is fixed too (i.e. does not scale with N) then each quark

loop is suppressed by 1/N . Only quenched planar diagrams (i.e. those

with no quark loops) survive in leading order in 1/N . Non-planar diagrams

with “handles” are suppressed by 1/N 2 per handle. Each extra quark-loop

insertion in any planar graph costs (Nf/N). Thus, the corrections to the

leading approximation run in powers of (Nf/N) and 1/N 2.

The ’t Hooft expansion enjoyed a significant success in phenomenology.

It provided a qualitative explanation for the well-known regularities of the

hadronic world, first and foremost the Zweig rule, a relative smallness of the

meson widths, the rarity of the four-quark mesons and so on. We hasten

to add, though, that, except in two dimensions (D = 2), nobody succeeded

in getting quantitative results for QCD, even to leading order in the 1/N

expansion.

Although the standard large-N ideology definitely captures some basic

regularities, it gives rise to certain puzzles, as far as subtle details are con-

cerned. Indeed, in the ’t Hooft expansion, the width of qq̄ mesons scales as

1/N , while that of glueballs scales as 1/N 2. In other words, the latter are

expected to be narrower than quarkonia, which is hardly the case in real-

ity. No glueballs have been reliably identified so far, in spite of decades of

searching.

Moreover, the Zweig rule is not universally valid. It is known to be badly

i It is curious that Corrigan and Ramond suggested [37] replacing the ’t Hooft model by a model

with one two-index antisymmetric quark Ψ[ij] and two fundamental ones qi
1,2, as early as 1979.

Their motivation originated from some awkwardness in the treatment of baryons in the ’t Hooft

model, where all baryons, being composed of N quarks, have masses scaling as N and thus disap-

pear from the spectrum at N → ∞. If the fermion sector contains Ψ[ij] and qi
1,2, then, even at

large N , there are three-quark baryons of the type Ψ[ij] q
i
1 q

j
2, which apparently realize a smoother

extrapolation from N = 3 to large N than the one in ’t Hooft’s model.
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violated for scalar and pseudoscalar mesons. Another example of this type,

thoroughly discussed in Ref. [38], refers to the quark dependence of the

vacuum energy. In the ’t Hooft limit the vacuum energy density is obviously

independent of the quark mass, since all quark loops die out. At the same

time, an estimate based on QCD low-energy theorems tells us [38] that

changing the strange-quark mass from ∼ 150 MeV to zero would roughly

double the value of the vacuum energy density.

It is clear that the ’t Hooft expansion underestimates the role of quarks.

This was noted long ago, and a remedy was suggested [39], a topological

expansion. The topological expansion (TE) assumes that the number of

flavors Nf scales as N in the large-N limit, so that the ratio Nf/N is kept

fixed.

The graphs that survive in the leading order of TE are all planar dia-

grams, including those with the quark loops. This is easily seen by slightly

modifying [39] the ’t Hooft double-line notation — adding a flavor line to the

single color line for quarks. In the leading (planar) diagrams the quark loops

are “empty” inside, since gluons do not attach to the flavor line. Needless

to say, obtaining analytic results in TE is even harder than in the ’t Hooft

case.

The orientifold large-N expansion opens the way for a novel and poten-

tially rich large-N phenomenology in which the quark loops (i.e. dynamical

quarks) do play a non-negligible role. An additional bonus is that in the

orientifold large-N expansion, one-flavor QCD gets connected to supersym-

metric gluodynamics, potentially paving the way to a wealth of predictions.

In order to demonstrate the difference between the standard large-N ex-

pansion and the orientifold large N expansion we exhibit a planar contribu-

tion to the vacuum energy in two ways in Fig. 6. Moreover, we will illustrate

the usefulness of the orientifold large-N expansion at the qualitative, semi-

quantitative and quantitative levels by a few examples given below.

a b c

Figure 6. (a.) A typical contribution to the vacuum energy. (b.) The planar contribution in ’t

Hooft large-N expansion. (c.) The orientifold large-N expansion. The dotted circle represents a

sphere so that every line hitting the dotted circle gets connected “on the other side.”



September 11, 2004 11:55 WSPC/Trim Size: 9.75in x 6.5in for Proceedings armoni

388 A. Armoni, M. Shifman, and G. Veneziano

Probably the most notable distinctions from the ’t Hooft expansion are

as follows: (i) the decay widths of both glueballs and quarkonia scale with

N in a similar manner, as 1/N 2; this can easily be deduced by analyzing

appropriate diagrams with the quark loops of the type displayed in Fig. 6b;

(ii) unquenching quarks in the vacuum produces an effect that is not sup-

pressed by 1/N ; in particular, the vacuum energy density does depend on

the quark masses in the leading order in 1/N .

8.2. Qualitative results for one-flavor QCD from

the orientifold expansion

In this subsection we list some predictions for one-flavor QCD, keeping in

mind that they are expected to be valid up to corrections of the order of

1/N = 1/3 (barring large numerical coefficients).

(i) Confinement with a mass gap is a common feature of one-flavor QCD

and SUSY gluodynamics.

(ii) Degeneracy in the color-singlet bosonic spectrum. Even/odd parity

mesons (typically mixtures of fermionic and gluonic color-singlet states) are

expected to be degenerate. In particular,

m2
η′

m2
σ

= 1 + O(1/N) , one-flavor QCD , (8.1)

where η′ and σ stand for the lightest 0− and 0+ mesons, respectively. This

follows from the exact degeneracy in N = 1 SYM theory. Note that the σ

meson is stable in this theory, as there are no light pions for it to decay into.

The prediction (8.1) should be taken with care: a rather large numerical

coefficient in front of 1/N is not at all ruled out, since the η ′ mass is anomaly-

driven (the Witten–Veneziano (WV) formula [40, 41]), whereas the σ mass

is more “dynamical”.

In more general terms the mass degeneracy is inherited by all those

“daughter” mesons that fall into one and the same supermultiplet in the

parent theory. The accuracy of the spectral degeneracy is expected to im-

prove at higher levels of the Regge trajectories, as 1/N corrections that

induce splittings are expected to fall off (see e.g. [39]).

(iii) Bifermion condensate. N = 1 SYM theory has a bifermion con-

densate. Similarly we predict a condensate in one-flavor QCD. A detailed

calculation is discussed in Sect. 9.

(iv) One can try to get an idea of the size of 1/N corrections from pertur-

bative arguments. In one-flavor QCD the first coefficient of the β function

is b = 31/3, while in adjoint QCD with Nf = 1 it becomes b = 27/3. One
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can go beyond one loop too. As was mentioned, in the very same approxi-

mation the β function of the one-flavor QCD coincides with the exact NSVZ

β function,

β = − 1

2π

9α2

1 − 3α/2π
. (8.2)

Thus, for the (relative) value of the two-loop β-function coefficient, we pre-

dict +3α/2π, to be compared with the exact value in one-flavor QCD,

+
134

31

α

2π
≈ 4.32

α

2π
.

We see that the orientifold large-N expansion somewhat overemphasizes

the quark-loop contributions, and, thus, makes the theory less asymptotically

free than in reality — the opposite of what happens in ’t Hooft’s expansion.

Parametrically, the error is 1/N rather than 1/N 2. This is because there are

N2 − 1 gluons and N 2 − N fermions in the orientifold field theory.

If one-flavor QCD is related, through the planar equivalence, to SYM

theory, while the ’t Hooft 1/N expansion connects it with pure Yang–Mills

theory, it is tempting to combine both to ask a seemingly heretical question:

“Are there any traces of supersymmetry in pure Yang–Mills theory?” We try

to answer this question in Appendix A, which presents some evidence for a

“residual SUSY” in pure Yang–Mills theory.

8.3. An estimate of the conformal window in QCD from

the orientifold large-N expansion

One can try to use the orientifold large-N expansion for an estimate of the

position of the lower edge of the conformal window. The logic behind this

analysis is as follows. Since this expansion overestimates the role of the quark

loops, in leading order in 1/N one can expect to obtain a lower boundary

on the onset of the conformal regime, which, hopefully, will be close to the

actual lower edge of the conformal window. The ’t Hooft large-N limit [36]

is not suitable for this purpose at all, since in this limit the quark effects

disappear altogether.

We start from a brief summary of the issue of the conformal window in

QCD. The standard definition of the coefficients of the β function from the
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Particle Data Group (PDG) is j

µ
∂α

∂µ
≡ β(α) = − β0

2π
α2 − β1

4π2
α3 + ... (8.3)

(see Ref. [26]). The first two coefficients of the Gell-Mann–Low function in

QCD have the form [26]

β0 = 11 − 2

3
Nf , β1 = 51 − 19

3
Nf , (8.4)

where Nf is the number of quark flavors, all taken to be massless. At small

αs the β function is negative (asymptotic freedom!) since the O(α2
s) term

dominates. With the scale µ decreasing the running gauge coupling constant

grows, and eventually the second term becomes important. The second term

takes over the first one at αs/π ∼ 1, when all terms in the αs expansion are

equally important, i.e. in the strong coupling regime. We have no firm

knowledge regarding what happens at αs/π ∼ 1.

Assume, however, that for some reason the first coefficient β0 is abnor-

mally small, and this smallness does not propagate to higher orders. Then

the second term catches up with the first one when αs/π � 1: we are at

weak coupling, and higher-order terms are inessential. Inspection of Eq. (8.4)

shows that this happens when Nf is close to 33/2, say 16 or 15 (Nf has to

be less than 33/2 to ensure asymptotic freedom). For these values of Nf the

second coefficient β1 turns out to be negative!

This means that the β function develops a zero at weak coupling, at

α∗

2π
=

β0

−β1
� 1 . (8.5)

For instance, if Nf = 15 or 16 the critical values are at

λ∗ ≡
Nα∗

2π
=

3

44
, Nf = 15; λ∗ =

3

151
, Nf = 16, (8.6)

where in the expression above N = 3. At such values of α, the Gell-Mann–

Low function vanishes, i.e. β(α∗) = 0. This zero is nothing but the infrared

fixed point of the theory. At large distances αs → α∗
s, and β(α∗

s) = 0,

implying that the trace of the energy-momentum tensor vanishes. Then the

theory is in the conformal regime. There are no localized particle-like states

in the spectrum of this theory; rather we deal with massless unconfined

interacting “quarks and gluons.” All correlation functions at large distances

j With respect to the PDG, we dropped a factor 2 in the middle equality, 2β(α)PDG → β(α),

which is neither conventional nor convenient.
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exhibit a power-like behavior. In particular, the potential between two heavy

static quarks at large distances R will behave as ∼ α∗
s/R, a pure Coulomb

behavior. The situation is not drastically different from conventional QED.

As long as α∗
s is small, the interaction of the massless quarks and gluons

in the theory is weak at all distances, short and large, and is amenable to

the standard perturbative treatment (renormalization group, etc.). Chiral

symmetry is not broken spontaneously, quark condensates do not develop,

and QCD becomes a fully calculable theory. The fact that, at Nf close

to 16, QCD becomes conformal and weakly coupled in the infrared limit

has been known for about 30 years [42, 43]. If the conformal regime takes

place at Nf = 16 and 15, how far can we descend in Nf without ruining

the conformal nature of the theory in the infrared? Certainly, when Nf is

not close to 16, the gauge coupling α∗
s is not small. The theory is strongly

coupled, like conventional QCD, and, simultaneously, it is conformal in the

infrared. Presumably, chiral symmetry is unbroken, 〈q̄q〉 = 0. The vacuum

structure is totally different, and so are all properties of the theory.

The range of Nf where this phenomenon occurs is called the conformal

window. The right edge of the conformal window is at Nf< = 16. According

to our conjecture, the orientifold large-N expansion allows one to get an idea

of the left edge of the conformal window, Nf>, which happens to lie not too

far from actual QCD (i.e. not too far from Nf = 3)!

For antisymmetric quark “flavors”

β0 =
11

3
N − 2

3
NNf +

4

3
Nf , (8.7)

β1 =
17

3
N2 − 5

3
N(N − 2)Nf −

(N − 2)2(N + 1)

N
Nf . (8.8)

We will consider the limit N → ∞. At Nf = 6, asymptotic freedom is lost.

At Nf = 5 we have a conformal infrared fixed point with

λ∗ ≡
Nα∗

2π
=

1

23
. (8.9)

The above assertion seems to be solid, since λ∗ is small enough, cf. Eq. (8.5).

At Nf < 5 the position of the would-be infrared fixed point shifts to rather

large values of λ∗ (namely, λ∗ = 1/5), and is thus unreliable.

Interpolating down to the actual value of the number of quark colors,

N = 3, in the most naive manner, we would conclude that the left edge of

the conformal window is around Nf = 5.

How does this compare with other theoretical and/or numerical data?

First, in the instanton liquid model it was found [44] that the chiral conden-
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sate disappears at Nf = 5, 〈q̄q〉 = 0. Although nothing is said about the

onset of the conformal regime in this work, the vanishing of 〈q̄q〉 may be a

signal. It is believed that color confinement in QCD implies chiral symmetry

breaking [45]. More evidence in favor of Nf = 5 arises from the condition

γ(Nf ) = 1 [46].

More definite is the conclusion of lattice investigations [47]. It is claimed

that at Nf = 7 not only does the quark condensate disappear, but the

decay law of correlation functions at large distances changes from exponential

to power-like, i.e. the theory switches from the confining regime to the

conformal one.

Of course, at Nf = 3 we know from experiment that QCD is in the

confining rather than conformal regime. From the above argument, it looks

likely that going up from Nf = 3 to Nf = 5 or so — quite a modest

variation in the number of massless quarks — one drastically changes the

vacuum structure of the theory, with the corresponding abrupt change of the

picture of the hadron world. Let us emphasize again that this phenomenon

would be totally missed by ’t Hooft’s expansion.

An interesting question is what happens slightly below the left edge of the

conformal window, i.e. say at Nf> − 1. If Nf were a continuous parameter,

and the phase transition in Nf were of the second order, slightly below Nf>

the string tension σ would be parametrically small in its natural scale given

by Λ2. In reality Nf changes discretely. Still it may well happen that at

Nf = Nf> − 1 the ratio σ/Λ2 is numerically small. This would mean that

the string and its excitations, whose scale is set by σ, are abnormally light.

Under the circumstances one might hope to build an effective low-energy

approach analogous to the chiral Lagrangians of actual QCD. In the limit

σ/Λ2 → 0 the string becomes, in a sense, classical; quantum corrections are

unimportant. We do not rule out that the string representation of QCD —

the Holy Grail of two generations of theorists — is easier to construct in this

limit. One could even dream of an expansion in Nf> − 3. At the moment,

this is pure speculation, though.

8.4. Orientifold field theories in two and three dimensions

The large-N equivalence of gauge theories with adjoint matter and anti-

symmetric (or symmetric) matter is not restricted to four dimensions. The

equivalence holds in any number of dimensions.

Let us consider first the two-dimensional case. We assert that planar two-

dimensional Yang–Mills theory with fermions in the adjoint representation

(this theory is not supersymmetric) is equivalent to planar two-dimensional
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QCD with fermions in the antisymmetric representation.

When the fermions are massless, the equivalence of the two theories can be

obtained (besides our derivation, see Sect. 6.2) from the universality theorem

of Kutasov and Schwimmer [48]. The theorem states that physics of massless

two-dimensional QCD depends on the total chiral anomaly, but not on the

specific representation of the fermions. The anomaly in two dimensions is

dictated by the vacuum polarization diagram, TrT aT b = T (R)δab. For the

adjoint representation, T = N , whereas for the antisymmetric representation

T = N −2. At large N the two anomalies coincide and, hence, so do physics

of the two theories.

The large-N equivalence extends further; for instance, it takes place for

m 6= 0, where m is the fermion mass term. In this case we have two di-

mensionful parameters, m and g2, and one dimensionless, N . The most

interesting physical question one can ask is the rate of convergence of the

1/N expansion.

Of course, this question is of great interest in four dimensions too. It

seems that it will be much easier and faster to answer it first in two (or,

perhaps, three) dimensions. Indeed, two-dimensional Yang-Mills theory with

fermions in the adjoint representation can be readily studied on lattices, by

methods of discrete light-cone quantization (DLCQ) and, to some extent,

analytically. In fact, it was studied quite extensively in this way in the

1990’s, see Refs. [49]– [54]. Now these analyses can be repeated with two-

index antisymmetric (or symmetric) fermions, with the aim of studying the

rate of convergence of the orientifold expansion.

Also very promising is three-dimensional N =1 Yang–Mills theory. In this

case the parent theory (with adjoint fermions) is supersymmetric, provided

one deals with three-dimensional Majorana fermion fields.k In three dimen-

sions this theory admits a Chern–Simons term, which generates a mass for

the gauge fields, and a counterpart for the fermions. A remarkable feature of

this theory is the occurrence of a phase transition at a certain critical value of

the Chern–Simons coefficient, and the possibility of an analytic study of this

phase transition [55]. It is not ruled out that consequences of the large-N

equivalence between the three-dimensional SYM theory and the orientifold

theory could be used in analytical studies of confinement in a T 6= 0 regime

of four-dimensional one-flavor QCD (T standing here for the temperature).

k Introducing adjoint Dirac fermion fields would render the theory at hand non-supersymmetric.

Even so, studying the parent–daughter planar equivalence in this case is likely to be rewarding.

This case is similar to the “flavor proliferation” treated in Sect. 7.
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8.5. 1/N corrections

The statement that large-N Yang–Mills theories with adjoint and two-index

fermions are equivalent both perturbatively and non-perturbatively will be-

come a critical advance, only provided that we will be able to get an idea of

1/N corrections. Indeed, our final goal, after all, is understanding nature;

and in nature N = 3. No matter how good toy models are for various ex-

plorations, they acquire a real value only as long as they properly reflect the

pattern of actual QCD.

From this standpoint, the orientifold large-N expansion is far from being

optimal, since, as was mentioned, corrections to the planar limit scale as

1/N rather than 1/N 2; they can thus be large, leading to drastic deviations

from the predictions obtained on the basis of planar equivalence. In fact, as

we will see below (Sect. 9), in some problems one can encounter corrections

of the type 1 − (2/N). Further progress will depend on whether we will be

able to handle them.

We would like to make a remark concerning this aspect. Our first obser-

vation will be useful for lattice-QCD practitioners. On the lattices it does

not make much difference whether one simulates fermions in the antisym-

metric, symmetric or reducible two-index representation (i.e. no (anti)sym-

metrization at all). Let us focus on the latter case. The number of flavors

need not be equal to 1; it can be, say, 2 or 4. The important thing is that

these numbers match. By, say, considering two Majorana adjoint fermions

in the parent theory one requires one Dirac Ψij (no (anti)symmetrization)

in the daughter theory. This is the sum of two irreducible representations A

and S.

Assume that we have certain information regarding the mass of a meson

with the quantum numbers 0− in the parent theory. Then, on the lattice, one

can measure the mass of its counterpart in the orientifold theory described

above. Our assertion is that in such a study the deviation from the adjoint

theory will be O(1/N 2) rather than O(1/N) !

Another idea for minimizing the 1/N corrections is to add extra fermions

in the fundamental representation to the fermion in the antisymmetric repre-

sentation. At least perturbatively, it is obvious that an adjoint fermion (the

gluino) is better approximated at finite N by an antisymmetric fermion and

two additional fundamental fermions. For example, the one-loop β-function

coefficient of the latter theory is 3N , exactly as the one-loop β function of

N =1 SUSY Yang–Mills theory. The similarity of the two theories at finite

N and the potential phenomenological applications will be further discussed

in Sect. 10.
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In addition, some insight about 1/N corrections can be obtained from

string theory, where this problem translates into the understanding of string

loop corrections.

Work on other methods of minimizing (or suppressing) 1/N corrections in

the transition from the parent theories to orientifold daughters is in progress.

9. Calculating the quark condensate in one-flavor QCD

from supersymmetric gluodynamics l

The gluino condensate in SU(N) SYM theory is presented in Eq. (3.8). Let

us reproduce it here again, for convenience,

〈λaαλa ,α〉 = −6NΛ3 , (9.1)

where we set θ = 0, k = 0, and the parameter Λ in Eq. (9.1) refers to the

Pauli-Villars scheme. As is explained in detail in Appendix B, ΛPauli−Villars

identically coincides in supersymmetric theories with the scale parameter

defined in the dimensional-reduction scheme, DRED +MS procedure. In

perturbative calculations one usually uses dimensional regularization rather

than reduction (supplemented by MS). The difference between these two Λ’s

is insignificant — it amounts to a modest factor exp(1/12), see Appendix B

— and we will disregard it hereafter.

It is not difficult to show m that the correspondence between the bifermion

operators is as follows:

〈λaαλa ,α〉 ↔ 〈Ψ̄Ψ〉 . (9.2)

The left-hand side is in the parent theory, the right-hand side is in the ori-

entifold theory A, and they project onto each other with the unit coefficient.

l Estimates presented in this section are arranged in a somewhat different manner from in the

original work [8]. The final result is the same.
m One can establish the mapping of 〈λa ,αλa

α〉 onto 〈Ψ̄[ij]Ψ
[ij]〉 as follows. The simplest way is the

comparison of the corresponding mass terms. The Dirac fermion Ψ of the orientifold theory can

be replaced by two Weyl spinors, ξ[ij] and η[ij], so that the fermion mass term becomes:

mΨ̄Ψ = mξη + h.c. ,

while in softly broken SYM the mass term has the form

m

2
λλ+ h.c. .

Thus,
1

2
〈λλ〉 ↔ 〈ξη〉 , or 〈λλ〉 ↔ 〈Ψ̄Ψ〉 at θ = 0 .

The same identification is obtained from a comparison of the two-point functions in the scalar

and/or pseudoscalar channels in both theories.
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It is worth emphasizing that Eq. (9.2) assumes that 〈λaαλa ,α〉 is real and

negative in the vacuum under consideration (which amounts to a particular

choice of vacuum). It also assumes that the gluino kinetic term is normalized

non-canonically, as in Eq. (9.4).

Thus, the planar equivalence gives us a prediction for the quark conden-

sate in the one-flavor orientifold theory at N = ∞, for free. Our purpose

here is to go further, and to estimate the quark condensate at N = 3, i.e.

in one-flavor QCD. To get an idea of the value of 1/N corrections, as a first

step, one can examine the first two coefficients in the β function and the

anomalous dimension of the matter field in three distinct gauge theories,

presented in Table 4. We confront pure Yang-Mills theory (YM), QCD with

one Dirac fermion in the fundamental representation (1f-QCD), orientifold

theory A with one flavor (Orientifold A), and, finally, SYM theory — all

with the gauge group SU(N).

Table 4. Comparison of the anomalous dimensions and the first two coef-

ficients of the β function. The notation is explained in the text.

Theory

Coeff.

@
@

@
@

@

YM 1f-QCD Orienti A SYM

β0
11
3
N 11

3
N − 2

3
3N + 4

3
3N

β1
17
3
N2 17

3
N2 − 13

6
N + 1

2N
3N2 + 19

3
N − 4

N
3N2

γ ?
3(N2−1)

2N

3(N−2)(N+1)
N

3N

We use the standard definition of the coefficients of the β function from

PDG, see Eq. (8.3). The coefficients can be found in [56], where formulae up

to three loops are given. The anomalous dimension γ of the fermion bilinear

operators Ψ̄Ψ is normalized in such a way that

(
Ψ̄Ψ

)
Q

= κγ/β0
(
Ψ̄Ψ

)
µ

, κ ≡ α(µ)

α(Q)
, (9.3)

and µ and Q denote the normalization points. For our present purposes we

can limit ourselves to the two-loop β functions and the one-loop anomalous

dimensions. We can easily check that the various coefficients of the orien-

tifold theory A go smoothly from those of YM (N = 2) through those of
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1f-QCD (N = 3) to those of SYM theory at N → ∞. Note, however, that

some corrections are as large as ∼ 2/N . This is an alarming signal.

The gluino condensate 〈λaαλa ,α〉 is renormalization-group-invariant (RGI)

at any N , and so is Λ. This is not the case for the quark condensate in the

non-SUSY daughter (i.e. the orientifold theory) at finite N . Unlike SUSY

theories, where it is customary to normalize the gluino kinetic term as

1

g2
λ̄ i 6Dλ , (9.4)

the standard normalization of the fermion kinetic term in non-SUSY theories

is canonical,

Ψ̄ i 6DΨ . (9.5)

Hence, in fact, the correspondence between operators is

〈λaαλa ,α〉 ↔ 〈g2Ψ̄Ψ〉 . (9.6)

In the canonic normalization (9.5), the RGI combination is

(
g2

)γ/β0
Ψ̄Ψ ≡

(
g2

)1−δ(N)
Ψ̄Ψ , (9.7)

where

γ

β0
=

(
1 − 2

N

) (
1 + 1

N

)

1 + 4
9N

(9.8)

and

δ(N) ≡ 1 − γ

β0
= O(1/N) , δ(3) =

19

31
. (9.9)

Combining Eqs. (9.1), (9.6) and (9.7) we conclude that

[
g2(µ)

]δ(N)
〈(

g2
)1−δ(N)

Ψ̄Ψ
〉

= −6(N − 2)Λ3
MS

K(µ,N) , (9.10)

where µ is some fixed normalization point; the correction factor

K(µ,N = ∞) = 1 , (9.11)

simultaneously with δ(N = ∞) = 0. At finite N the correction factor

K(µ,N)− 1 = O(1/N) and K depends on µ in the same way as
[
g2(µ)

]δ(N)
.

The combination
(
g2

)1−δ(N)
Ψ̄Ψ on the left-hand side is singled out because

of its RG invariance. Equation (9.10) is our master formula.

The factor N − 2 on the right-hand side of Eq. (9.10), a descendant of

N in Eq. (9.1), makes
〈(

g2
)1−δ(N)

Ψ̄Ψ
〉

vanish at N = 2. This requirement
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is obvious, given that at N = 2 the antisymmetric fermion loses color. In

fact, we replaced N in Eq. (9.1) by N −2 by hand, assembling all other 1/N

corrections in K, in the hope that all other 1/N corrections collected in K
are not so large. There is no obvious reason for them to be large. Moreover,

we can try to further minimize them by a judicious choice of µ.

It is intuitively clear that 1/N corrections in K will be minimal, provided

that µ presents a scale “appropriate to the process”, which, in the case at

hand, is the formation of the quark condensate. Thus, µ must be chosen

as low as possible, but still in the interval where the notion of g2(µ) makes

sense. Our educated guess is λ(µ) = (1/2) corresponding (at N = 3) to

[
g2(µ)

]δ(3) ≈ 4.9 . (9.12)

As a result, we arrive at the conclusion that in one-flavor QCD

〈(
g2

)1−δ(3)
Ψ̄Ψ

〉
= −1.2Λ3

MS
K(N) . (9.13)

Empiric determinations of the quark condensate with which we will confront

our theoretical prediction are usually quoted for the normalization point 2

GeV. To convert the RGI combination on the left-hand side of Eq. (9.13) to

the quark condensate at 2 GeV, we must divide by [g2(2 GeV)]1−δ(3) ≈ 1.4.

Moreover, as has already been mentioned, we expect non-planar corrections

in K to be in the ballpark ±1/N . If so, three values for K,

K = {2/3, 1, 4/3} , (9.14)

give a representative set. Assembling all these factors together we end up

with the prediction that for one-flavor QCD

〈
Ψ̄[ij]Ψ

[ij]
〉

2 GeV
= − (0.6 to 1.1) Λ3

MS
. (9.15)

Next, our task is to compare it with empiric determinations, which, unfor-

tunately, are not very precise. The problem is that one-flavor QCD is differ-

ent both from actual QCD, with three massless quarks, and from quenched

QCD, in which lattice measurements have recently been carried out [57]. In

quenched QCD there are no quark loops in the running of αs; thus, it runs

steeper than in one-flavor QCD. On the other hand, in three-flavor QCD the

running of αs is milder than in one-flavor QCD.

To estimate the input value of λMS we resort to the following procedure.

First, starting from αs(Mτ ) = 0.31 (which is close to the world average) we

determine Λ
(3)

MS
. Then, with this Λ used as an input, we evolve the coupling
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constant back to 2 GeV according to the one-flavor formula. In this way we

obtain

λ(2 GeV) = 0.115 . (9.16)

A check exhibiting the scatter of the value of λ(2 GeV) is provided by lattice

measurements. Using the results of Ref. [58] referring to pure Yang–Mills

theory one can extract αs(2 GeV) = 0.189. Then, as previously, we find

Λ
(0)

MS
, and evolve back to 2 GeV according to the one-flavor formula. The

result is

λ(2 GeV) = 0.097 . (9.17)

The estimate (9.17) is smaller than (9.16) by approximately one standard

deviation σ. This is natural, since the lattice determinations of αs lie on the

low side, within one σ of the world average. In passing from Eq. (9.13) to

Eq. (9.15) we used the average value λMS (2 GeV) = 0.1.

One can summarize the lattice (quenched) determinations of the quark

condensate, and the chiral theory determinations extrapolated to one flavor,

available in the literature, as
〈

Ψ̄[ij]Ψ
[ij]

〉
2 GeV, “empiric”

= − (0.4 to 0.9) Λ3
MS

. (9.18)

We put empiric in quotation marks, given all the uncertainties discussed

above.

Even keeping in mind all the uncertainties involved in our numerical

estimates, both from the side of supersymmetry/planar equivalence 1/N

corrections, and from the “empiric” side, a comparison of Eqs. (9.15) and

(9.18) reveals an encouraging overlap. We claim, with satisfaction, that we

are on the right track!

10. The orientifold Large-N expansion and three-flavor QCD

So far we have established an analytical relation between the orientifold

theory (A or S) and N = 1 SYM for N → ∞. This relation was used to

make predictions for one-flavor QCD. It seems that our method is restricted

to it, since the N = 1 theory contains one gluino. Could we use our new

technique to calculate quantities in three-flavor QCD, while using N = 1

SYM as a parent theory?

To this end we can try to deform the orientifold A theory in such a

way that the leading planar approximation will remain intact, while 1/N

corrections hopefully will change in the direction of making the N = 3
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deformed model closer to the parent theory. Amusingly enough, at N = 3,

the daughter theory will be QCD with three massless flavors!

The model to be outlined in this section was in fact formulated in 1979 [37]

(see footnote in Sect. 8.1); we refer to it as orienti/2f model. Its fermion

sector consists of a single two-index antisymmetric Dirac field Ψ[ij] plus two

fundamental Dirac fields qi1 and qi2 (i, j = 1, 2, ..., N). At N = 3 it reduces

to three-flavor QCD, in contradistinction with orientifold A theory whose

N = 3 limit is one-flavor QCD. On the other hand, at N → ∞ fundamental

quark loops can be neglected. Each of the two determinants — one for q1

and another for q2 — becomes unity, up to 1/N corrections. As a result,

the orienti/2f theory is planar-equivalent to supersymmetric gluodynamics,

much in the same way as the orientifold theory. It is important to note that

only those operators of the daughter theory that do not explicitly contain

q1,2 can be matched onto operators of the parent one. The latter can appear

only in loops.

Why may one hope that by adding q1,2 one suppresses 1/N corrections? A

hint comes from perturbation theory. Indeed, in orienti/2f the first coefficient

of the β function exactly coincides with that of SUSY gluodynamics, while

the deviation of the second coefficient is ∼ 1/3 of the deviation inherent to

orientifold A (cf. Tables 4 and 6 and Appendix C). On the non-perturbative

side, orientifold A has no color-singlet baryons with mass scaling as N 0,

while orienti/2f does have such baryons (remember, in SUSY gluodynamics

there are baryons of the type Gλ whose mass ∼ N 0).

The orienti/2f theory has not been analyzed in earnest yet. This is an

obvious task for the future. Here we limit ourselves to an introductory

remark. The vacuum structure in the orienti/2f theory is quite different

from that in SUSY gluodynamics. For generic values of N the orienti/2f

theory possesses the global symmetries n

{U(1)V × U(1)A} × {U(1)V × U(1)A} × {SU(2)R × SU(2)L} , (10.1)

where the first two factors correspond to Ψ while the last four to q1,2. All

vector symmetries are realized linearly. As for the axial symmetries, SU(2)A
is spontaneously broken by 〈q̄1q1+q̄2q2〉 6= 0. The two U(1)A’s are separately

anomalous, but one can construct an anomaly-free combination, which is

spontaneously broken by 〈Ψ̄Ψ〉 6= 0 as well as by 〈q̄1q1 + q̄2q2〉 6= 0. The

n The symmetry is enlarged to U(1)V × U(1)A × SU(3)R × SU(3)L for N = 3.
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anomaly-free U(1)A is generated by the current

Aµ = Ψ̄γµγ5Ψ − N − 2

2

(
q̄1γ

µγ5q1 + q̄2γ
µγ5q2

)
. (10.2)

The anomalous U(1)A current is ambiguous, since we can always add to it a

multiple of the conserved current. The above symmetries give rise to a vac-

uum manifold of the type S3 × S1, corresponding to four Nambu-Goldstone

bosons. The fact that the anomalous U(1)A current has an anomaly-free

discrete subgroup has no impact on the vacuum structure.

Thus, the parent theory has a mass gap while the daughter one does not.

It is not difficult to see, however, that the massless modes in the daughter

theory, in the common sector, manifest themselves only at a subleading in

1/N level. For instance, the Nambu–Goldstone bosons associated with the

spontaneous breaking of SU(2)A are pair-produced. The Nambu–Goldstone

boson associated with the spontaneous breaking of the anomaly-free U(1)A
can be produced by an appropriate operator, but the residue will necessarily

be suppressed by 1/N .

The most visible effect of the q1,2 quarks in loops is the change in the

gauge coupling β function mentioned at the beginning of this section. If

this is numerically the most important effect, one can readily arrive at an

estimate of the quark condensate in the three-flavor theory. In fact, 〈Ψ̄Ψ〉
would be predicted to be the same as in Eq. (9.10), up to modifications in

δ due to the changes in β0 and β1. Good agreement is obtained once more

with phenomenological estimates and with lattice data, although the latter

are not very precise. In this case there is no need for extrapolation in the

quark flavors.

11. Domain walls and the cosmological constant

in the orientifold field theories

Domain walls are BPS objects in N =1 supersymmetric gluodynamics [59].

As we know from Sect. 3, if the gauge group is SU(N), there are N distinct

discrete vacua labeled by the order parameter, the gluino condensate,

〈λλ〉k = −NΛ3 exp

(
i
2πk

N

)
, k = 0, 1, 2, ..., N − 1 (11.1)

(the vacuum angle is set to zero, and in this section we include the factor 6,

cf. Eqs. (3.8) and (9.1), in the definition of Λ). The “elementary” domain

wall W{k,k+1} interpolates between the k-th and (k+1)-th vacua. Moreover,

at N → ∞ two parallel domain walls W{k,k+1} and W{k+1,k+2} are also BPS

— there is neither attraction nor repulsion between them [59].
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It is known that the BPS domain walls in N =1 gluodynamics present a

close parallel to D branes in string theory [60]. In particular, a fundamental

flux tube can end on the BPS domain wall, much as F1 end on D-branes in

string theory [60] (see also [61]– [65]).

The orientifold theory has N discrete degenerate vacua.o Hence, one

can expect domain walls. Indeed, the daughter theory inherits domain walls

from its supersymmetric parent. Two parallel walls of the type W{k,k+1} and

W{k+1,k+2} are in an indefinite equilibrium. In this sense they are “BPS”,

although the standard definition of “BPS-ness”, through central charges and

supercharges, is certainly not applicable in the non-supersymmetric theory.

In this section we elaborate on physics of the “BPS” domain walls in the

orientifold theory.

We will show that these walls carry charges similar to the Neveu-Schwarz–

Neveu-Schwarz (NS-NS) and Ramond–Ramond (R-R) charges. In addition,

we will argue that an open-closed string channel duality holds for the analo-

gous field theory annulus amplitude. Moreover, by exploiting the similarity

between string theory and field theory we will provide a reason why the vac-

uum energy density (the “cosmological constant”) in the orientifold gauge

theory vanishes at order N 2 despite the fact that the hadronic spectrum

of the theory contains only bosons — for color-singlet states there is no

Bose-Fermi degeneracy typical of supersymmetric theories.

We will assume that our gauge theory has a string theory dual in the

spirit of Ref. [66] (yet to be found, though). It is presumably of the type 0B

on a curved background, similarly to the orientifold field theory analogue of

N = 4 SYM theory, which is type 0B on AdS5 × RP 5 [67]. In this picture

the closed strings correspond to the infrared (IR) degrees of freedom: the

glueballs and “quarkonia”. Indeed, the type-0 (closed) strings are purely

bosonic, in agreement with our expectation from the confining orientifold

field theory. Moreover, the bosonic IR spectrum of the gauge theory is

even/odd parity-degenerate, in accordance with degeneracies between the

NS-NS and R-R towers of the type-0 string.

11.1. Parallel domain walls versus D branes

As has been mentioned, gauge theory fundamental flux tubes can end on a

BPS domain wall. Let us assume that, for N =1 gluodynamics/orientifold

theory, the domain walls have a realization in terms of Dp-branes (p >

1) of the corresponding type IIB/0B string theory. Their world volume is

o At N→∞. In fact, the number of vacua in orientifold A is N−2, while it is N+2 in orientifold S.
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012 + (p − 2) directions transverse to the four-dimensional space-time 0123.

Specific AdS/CFT realizations of domain walls in N =1 theories are given in

Refs. [63]– [68], mostly in terms of wrapped D5-branes. We deliberately do

not specify which particular branes are used to model the BPS walls, since

we do not perform actual AdS/CFT calculations.

D-branes carry the NS-NS charge, as well as the R-R charge [69]. More-

over, interactions induced by these charges exactly cancel, ensuring that the

parallel D-branes neither attract nor repel each other. Let us see how this

is realized in N = 1 SYM theory. We start from two parallel BPS walls

W{k,k+1} and W{k+1,k+2}. Each of them is BPS, with the tension [59]

T{k,k+1} = T{k+1,k+2} =
N

8π2
|〈trλλ〉| 2 sin

π

N
. (11.2)

The tension of the configuration W{k,k+2} is

T{k,k+2} =
N

8π2
|〈trλλ〉| 2 sin

2π

N
. (11.3)

This means that at leading order in N (i.e. N 1) two parallel walls W{k,k+1}

and W{k+1,k+2} do not interact. There is no interaction at the level N 0 either.

An attraction emerges at the level N−1. That the inter-wall interaction

potential is O(N−1) can be shown on general kinematic grounds. A relevant

discussion can be found in Ref. [70], see Eq. (37); see also Ref. [71]. This

and other aspects of the dynamics of the inter-wall separation are challenging

questions, which are currently under investigation. Here we summarize some

findings [29].

Our task is to understand the dynamics of this phenomenon from the field

theory side. Assume that two walls under consideration are separated by a

distance Z � m−1, where m is the mass of the lightest composite meson.

What is the origin of the force between these walls?

The interaction is due to the meson exchange in the bulk. Consider the

lightest mesons, scalar and pseudoscalar. The scalar meson σ, the “dilaton”,

is coupled [72] to the trace of the energy-momentum tensor θµµ,

σ

f
θµµ =

3N

16π2f
σ trG2 . (11.4)

It is very easy to show that the coupling constant f scales as

f ∼ N Λ . (11.5)

Integrating over the transverse direction, and using the fact that θµµ trans-

lates into mass, we find that the “dilaton”–wall coupling (per unit area)
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is

T σ/f , (11.6)

where T is the wall tension, see Eq. (11.2). Since the wall tension scales as

N , the σ–wall coupling scales as N 0.

The scalar meson is degenerate in mass with the pseudoscalar one, the

“axion” or “η′” which, thus, must be included too. For brevity we will denote

this field by η; it will have a realization in terms of the RR 0-form of type

IIB/0B. The coupling of this “axion” to the wall is related to the change

of the phase of the gluino condensate across the wall. Therefore, a natural

estimate of the axion-wall coupling is p

η

f

∫
dz

N

8π2
trGG̃ → η

f

∫
dz

N

8π2
| trλλ | ∂α

∂z
, (11.7)

where z is the coordinate transverse to the wall, and α is the phase of the

order parameter. At large N the absolute value of the order parameter

stays intact across the wall, while
∫

dz (∂α/∂z) = 2π/N . Thus, the axion–

wall coupling scales as N 0. Note that the sign of the coupling depends on

whether we cross the wall from left to right or from right to left. This is why

the exchange of the dilaton between two parallel BPS walls leads to the wall

attraction, while that of the axion leads to repulsion.

Since the dilaton and axion couplings to the wall are proportional to

N0, we get no force between the walls at the level N 1 just for free. The

underlying reason is that the BPS domain-wall tension scales not as N 2, as

could be naively expected to be the case for solitons, but rather as N 1, the

D-brane type of behavior.

We want to make a step further, however. We will show shortly that σ

and η contributions (at the level N 0) are exactly equal in absolute value but

are opposite in sign. Needless to say, this requires the degeneracy of their

masses and their couplings to the walls, except for the relative sign.

Taking the right-hand side of Eq. (11.7) at its face value we get the

axion–wall coupling in the form

T η/f + O(1/N) , (11.8)

which is indeed the same as Eq. (11.6).

At finite N the wall thickness, which scales as [62] (NΛ)−1, is finite too.

On the wall world volume one has a (2 + 1)-dimensional supersymmetry,

p Equation (11.7) guarantees, automatically, that the axion–wall coupling is saturated inside the

wall. Outside the wall, in the vacuum, α = const., while 〈TrG2〉 = 〈TrGG̃〉 = 0.
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which places scalars and pseudoscalars into distinct (non-degenerate) super-

multiplets [73]. At N = ∞ the wall thickness vanishes, and it is natural that

in this limit we deal with the lowest component of (3+1)-dimensional chiral

superfield which has the form σ + iη.

Summarizing, the wall “R-R charge” is due to the axion-like nature of

η. The “NS-NS charge” is due to the wall tension. Both charges are indeed

equal and scale as N 0 Λ2. This guarantees that at order N 0 there is no force.

The σ and η coupling to the wall split at order N−1.

The very same arguments can be repeated verbatim in the orientifold

theories. In the limit N → ∞ the degeneracy of the σ and η masses holds,

and so does the degeneracy of the wall “NS-NS and R-R charges”. The

reason why the couplings to the wall (associated with the trace of the energy-

momentum tensor for the dilaton and the axial charge for the axion) are

the same is that these charges and couplings are inherited from the parent

supersymmetric theory at N → ∞, see [6]. It will be useful, for what follows,

to note that σ exchange alone (before cancellation) generates an interaction

potential between the walls (per unit area)

V

A
∼ N0 Λ3 e−mz . (11.9)

Let us now see how this picture is implemented in string theory. From

the open string standpoint the result of a vanishing force is natural. This is

the Casimir force between the walls. Since the UV degrees of freedom are

Bose–Fermi-degenerate, the vacuum energy and, hence, the Casimir force is

zero.

Domain Wall Domain Wall

k vacuum k−1 vacuum k−2 vacuum 

Figure 7. The annulus diagram for the orientifold field theory. The D branes are domain walls.

Closed strings are bosonic glueballs and open strings are UV degrees of freedom.

In the gauge theory the closed strings are field-theoretic glueballs [74,75].
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Let us consider first the large separation limit. At the lowest level we have

a massive scalar and a pseudoscalar (we assume a mass gap). These two

exactly degenerate states correspond to the dilaton and axion (the RR 0-

form of type IIB/0B). They are expected to become massive when the theory

is defined on a curved background [74]. The type IIB/0B action contains

the couplings

e−Φ TrG2 + C TrGG̃ , (11.10)

where Φ denotes the dilaton and C the R-R 0-form. In addition we have a

coupling of the graviton and the R-R 4-form

ηµρhνλ TrGµνGρλ + Cµνρλ TrGµνGρλ . (11.11)

In the gauge theory the “graviton” (tensor meson) and the 4-form are heavier

glueballs, since they carry higher spins than the dilaton and the 0-form.

Similarly, the whole tower of degenerate bosonic hadrons of the orientifold

field theory should correspond to the NS-NS and R-R fields of type II/0 string

theory. This gives us a new picture of why the force between the domain

walls vanishes in terms of the glueball exchanges; even-parity glueballs lead

to an attractive force between the walls, whereas odd-parity glueballs lead

to a repulsion. The sum of the two is exactly zero at the leading N 0 order.

The 1/N force between the walls is related to a possible non-vanishing force

between parallel D-branes in a curved space at O(g2
st).

We can also exploit the above picture to estimate the potential between

a given wall and an anti-wall. Since this configuration is not BPS a non-

vanishing force is expected at leading N 0 order. At large separations, the

force is controlled by an exchange of the lowest massive closed strings, the

dilaton and the zero-form. Now their contributions add up and we get an

attractive potential, as indicated in Eq. (11.9).

11.2. Vanishing of the vacuum energy in N =1 SYM

and orientifold theories

One of the surprising results is that the N 2 part of the vacuum energy density

vanishes in the orientifold field theory. While this result makes sense from the

UV point of view, where we do have Bose–Fermi degeneracy, it looks rather

mysterious from the IR standpoint, since at the level of the composite color-

singlet states we have only bosonic degrees of freedom and no Bose–Fermi

degeneracy. Since at large N we have free bosons, it is legitimate to sum the
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bosonic contributions to the vacuum energy density E as follows:

E =
∑

n

∑

~k

1

2

√
~k2 + M2

n , (11.12)

where Mn are the meson masses. An apparent paradox arises since the sum

runs over positive contributions. How can positive contributions sum to

zero?

In fact, there is no paradox and no contradiction with the statement

of vanishing of E at O(N 2). We will present below arguments that will,

hopefully, make transparent the issue of the vanishing of the vacuum energy

density (at the N 2 level) in the orientifold theory. Usually it is believed that

one needs full supersymmetry to guarantee that E = 0. It turns out that a

milder requirement — the degeneracy between scalar and pseudoscalar glue-

balls/mesons — does the same job. Of course, in supersymmetric theories

this degeneracy is automatic. The orientifold field theory is the first example

where it takes place (to leading order in 1/N) without full supersymmetry

because it is inherited through the planar equivalence.

Two comments are in order here. First, the sum (11.12) is not well-

defined since the expected Regge trajectories are not bounded from above

and, therefore, regularization is needed. Second, in the above sum (11.12) the

N dependence of each individual mode is N 0. The expected N 2 dependence

of the vacuum energy is hidden in the sum over all hadronic modes and in

the regularization.

Thus, even though (11.12) represents the vacuum energy density of the

theory, it cannot be calculated from this equation. Below, we present an

alternative definition of the vacuum energy density, with a UV regulator

built in, which will illustrate the above surprising nullification.

Let us consider the contribution to E from the open string sector. At large

N it is dominated by the annulus diagram where each boundary consists of

N D-branes, and a summation over the various D-branes is assumed. The

Möbius and Klein-bottle as well as higher-genus amplitudes are suppressed

at large N . From this standpoint it is not surprising that the E vanishes, as

we have N 2 bosons (NS open strings) and N 2 fermions (Ramond fermionic

open strings).

The annulus diagram has another interpretation, however. It represents

the force between the D-branes. The force is mediated by bosonic closed

strings. In a SUSY setup (the type II string), D-branes are the BPS objects

— hence, the zero force. As has been discussed above, the balance, at large

separations, is achieved thanks to a cancellation between the dilaton, the
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graviton and the massless R-R forms.

It is interesting that the force between parallel self-dual D-branes also

vanishes in type-0 string theory [67, 76],

A = N2(V8 − S8) ≡ 0 . (11.13)

This is due to the underlying supersymmetry on the world-sheet. The mech-

anism is exactly as in the type II case: the R-R modes cancel the contri-

butions of the NS-NS modes. Note that since we are interested only in the

planar gauge theory, we can restrict ourselves to gst = 0 on the string theory

side. Therefore, higher-genus amplitudes are irrelevant to our discussion. At

this level the relevant type-0 amplitudes, as well as the bosonic spectrum,

are identical to the type II ones, in a not too surprising similarity with the

situation in the large-N dual gauge theories (the type-0 string becomes, in

a sense, supersymmetric at tree level). In particular, the induced dilaton

tadpole and cosmological constant are irrelevant and, thus, the background

inherited from the supersymmetric theory remains intact.

The vanishing of the annulus diagram leads to an explanation of the mys-

terious vanishing of the cosmological constant in the orientifold field theory:

if one views the hadrons (in the spirit of the AdS/CFT correspondence) as

closed strings, the degenerate bosonic spectrum is the reason behind the

vanishing result for both wall–wall interaction and E .

We hasten to add that although the mechanism is similar, there is a dif-

ference between the two cases: the wall–wall interaction involves the force

between “D2”-branes (wrapped D5-branes), whereas the vanishing cosmo-

logical constant involves the force between “D3”-branes. The two sorts of

branes are not necessarily the same — everything depends on the specific

realization. However, from the bulk point of view, the mechanism is iden-

tical. The only requirement is the degeneracy of the NS-NS and the R-R

towers and their couplings to the branes.

The difference between string theory and field theory is that in string

theory the force between D-branes, from the closed string standpoint, is

related to the contribution to the cosmological constant from the open string

sector. However, closed strings and open strings are independent degrees

of freedom and the contribution of the closed strings to the cosmological

constant should therefore be added. In the gauge theory string picture, the

closed strings are simply hadrons made out of the constituent open strings

— the gluons and quarks. Therefore, the value of the cosmological constant

can be determined by either UV or IR degrees of freedom; it is the same

quantity.
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Let us now switch to the field theory language. At first, we will acquaint

the reader with some general relations, relevant to E , which are valid in any

gauge theory with no mass scale other than the dynamically generated Λ.

The vacuum energy density E is defined through the trace of the energy-

momentum tensor,

E =
1

4

〈
θµµ

〉
=

1

4

∫
DADΨ θµµ exp(iS) ,

θµµ = − 3N

32π2
G2 , (11.14)

where

G2 ≡ Ga
µν Gµν,a , GG̃ ≡ Ga

µν G̃µν,a . (11.15)

The second line in Eq. (11.14) is exact in N =1 gluodynamics and is valid

up to 1/N corrections in the orientifold theory.

Now, we use an old trick [38] to express the trace of the energy-momentum

tensor in terms of a two-point function. The idea is to vary both sides of

Eq. (11.14) with respect to 1/g2 and exploit the fact that the only dimen-

sional parameter of the theory, Λ, exponentially depends on 1/g2. In this

way one obtains [38]

E = −i

∫
d4x

〈
vac

∣∣∣∣T
{

1

4
θµµ(x) ,

1

4
θνν(0)

}∣∣∣∣ vac

〉

conn

≡ −i

∫
d4x

〈
3N

128π2
G2(x) ,

3N

128π2
G2(0)

〉

conn

. (11.16)

The above expression (11.16) is formal — it is not well defined in the UV.

This is the same divergence that plagues any calculation of E (remember,

Eq. (11.16) is general, not specific to supersymmetry).

In SUSY, we are prompted to a natural regularization. Indeed, let us

consider the two-point function of the lowest components of two chiral su-

perfields D2W 2,

〈TrD2W 2(x) , TrD2W 2(0)〉 . (11.17)

The supersymmetric Ward identity tells us that this two-point function van-

ishes identically. There are two remarkable facts encoded in Eq. (11.17).

First, since D2W 2 ∝
(
G2 + iGG̃

)
, the vanishing of (11.17) is not due

to the boson–fermion cancellation but, rather, to the cancellation between

even/odd parity mesons (glueballs).
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Second, Eq. (11.17) generalizes Eq. (11.16), so that the expression for

the vacuum energy density takes the form

E = −i

(
3N

128π2

)2 ∫
d4x

(
〈G2(x), G2(0)〉 − 〈GG̃(x), GG̃(0)〉

)
,(11.18)

where the connected correlators are understood on the right-hand side. To

see that Eq. (11.18) is the same as (11.16), notice that

0 = −i

∫
d4x

〈
3N

128π2
GG̃(x) ,

3N

128π2
GG̃(0)

〉
. (11.19)

The above zero is explained by the fact that GG̃ is proportional to the

divergence of the axial current Aµ both in N = 1 gluodynamics and in the

orientifold theory. Adding a formal zero we in fact achieved the ultraviolet

regularization so that (11.18) obeys an unsubtracted dispersion relation.

It is absolutely clear that this regularization works perfectly both in SUSY

theories and in the orientifold theories (at the N 2 level). Indeed, the part of

the two-point function that involves G2 is saturated by even-parity glueballs,

while the part that involves GG̃ is saturated by odd-parity ones. We then

get

E =
∑

even parity

λ2
n

M2
n

−
∑

odd parity

λ2
n

M2
n

, λ2
n ∼ N2 for all n , (11.20)

where λn are the couplings to T µ
µ and ∂µaµ, respectively, and Mn are the

glueball masses. Clearly, if the masses and the couplings of the glueballs are

even/odd-parity degenerate, as is the case in N =1 gluodynamics and in the

large-N orientifold field theories, E vanishes.

In summary, in the UV calculation the Fermi–Bose degeneracy was re-

sponsible for the vanishing of the cosmological constant both in supersym-

metric gluodynamics and in the orientifold theory (where the cancellation

was at the N 2 level). In dealing with E , a certain regularization procedure is

needed. In SUSY it is implicit. In passing from the UV to the IR language,

we make it explicit through Eq. (11.18).

Formula (11.20) is in remarkable agreement with our string theory pic-

ture. Only bosonic glueballs are involved, and the even/odd parity glueballs

contribute with opposite signs.

12. A chiral ring for non-supersymmetric theories

In four-dimensional supersymmetric theories there is a notion of the chiral

ring. An assembly of chiral operators (i.e. those annihilated by supersym-
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metries Q̄) forms a ring (this is a mathematical term). The product of two

chiral operators is also a chiral operator. Chiral operators are usually con-

sidered modulo operators of the form {Q̄, ...}. The equivalence classes can

be multiplied and form a ring. Chiral operators are the lowest components

of chiral superfields.

A crucial property of the chiral operators is that their correlation func-

tions are space-time independent [77], e.g.

〈O1(x)O2(y)〉 = const., (12.1)

where the constant on the right-hand side depends neither on x nor on y.

Consider for example the correlation function

〈T
{

λaα(x)λaα(x) , λbβ(0)λ
bβ(0)

}
〉 . (12.2)

The proof of the constancy is quite straightforward [77] and is based on three

elements: (i) the supercharge Q̄β̇ acting on the vacuum state annihilates it;

(ii) Q̄β̇ anticommutes with λλ; (iii) the derivative ∂αβ̇(λλ) is representable

as the anticommutator of Q̄β̇ and λβGβα. One differentiates Eq. (12.2),

substitutes ∂αβ̇(λλ) by {Q̄β̇, λβGβα}, and obtains zero. q Thus, supersym-

metry requires the x derivative of (12.2) to vanish. It does not require the

vanishing of the correlation function per se. A constant is allowed.

It is quite clear that the necessary and sufficient condition for the con-

stancy of the correlation function (12.2) is the degeneracy of the glueball

spectra in the scalar and pseudoscalar channels. If the spectra were not

degenerate, the dispersion representation would require a non-trivial x de-

pendence. Since the above degeneracy is inherited by the orientifold theories

at N → ∞, one expects that in this limit they do carry a remnant of this

phenomenon. Our task is to identify this aspect.

Equations (12.1) imply that in SUSY theories the expectation values of

the chiral operators factorize,

〈O1O2...On〉 = 〈O1〉〈O2〉...〈On〉. (12.3)

This factorization is exact. Since in N = 1 gluodynamics the chiral ring is

spanned by the operator S = Tr W 2
α, see [78] for a comprehensive discus-

sion, for definiteness we can limit ourselves to the operators λaαλ
aα. Their

projection onto orientifold theory is Ψ̄LΨR ≡ η{ij}ξ
{ij} or η[ij]ξ

[ij] in the

notation of Sect. 6. The question to ask is what is the consequence of the

q The operator λλ is called Q-closed, while the operator ∂
αβ̇

(λλ) is Q-exact.
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exact factorization,

〈Tr λλTrλλ〉 = 〈Trλλ〉2 , (12.4)

in the parent theory for the daughter operators Ψ̄LΨR.

As in any large-N theory, the nonfactorizable part of Ψ̄LΨRΨ̄LΨR is

suppressed by 1/N . More exactly, in the general case one can expect

〈Ψ̄LΨRΨ̄LΨR〉 = 〈Ψ̄LΨR〉2
(
1 + O(1/N 2)

)
, (12.5)

where O(1/N 2) corrections on the right-hand side is due to non-factorizable

contributions; while the factorizable part is 〈Ψ̄LΨR〉2 = O(N4). The ori-

entifold theory is special. The exact factorization (12.4) in conjunction

with the planar equivalence implies that in the orientifold theories the non-

factorizable part is additionally suppressed, namely,

〈Ψ̄LΨRΨ̄LΨR〉 = 〈Ψ̄LΨR〉2
(
1 + O(1/N 3)

)
. (12.6)

The relative suppression O(1/N 3) in Eq. (12.6) rather than O(1/N 2) is the

remnant of the chiral ring. This result replaces, in the orientifold theories,

the statement of the existence of the chiral ring in SYM theories.

In more general terms one can write

〈Ψ̄LΨR(x1) , Ψ̄LΨR(x2)〉 = 〈Ψ̄LΨR〉2
[
1 + O(N−3) f(x1 − x2)

]
. (12.7)

This is the meaning of a chiral ring in non-supersymmetric theories (orienti

A/S). It would be interesting to explore the phenomenological consequences

of our finding.

13. Parent theories related to N =2 SUSY

13.1. Planar equivalence between distinct supersymmetric

theories and an estimate of the accuracy of the 1/N

expansion

While the original proof of the (non-perturbative) planar equivalence be-

tween a supersymmetric parent theory and its orientifold daughter [6] con-

nects N = 1 gluodynamics with an N = 0 QCD-like theory, it can be

generalized, practically verbatim, to include other parent–daughter pairs, in

particular, supersymmetric pairs.r

Here we will consider the mass-deformed Seiberg–Witten theory as a

parent, and its particular N = 1 orientifold daughter. The presence of the

r Orbifold pairs with N = 1 supersymmetric parent and daughter theories were analyzed in [79].
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mass term is important in order to make relevant superdeterminants well-

defined.

The Lagrangians of the parent/daughter theories are

L =

{
1

4g2
0

∫
d2θ TrW 2 + h.c.

}
+ Lmatter , (13.1)

where the matter part for the parent theory is

Lmatter =
1

4

∫
d2θd2θ̄ Φ̄eV Φ +

{
m0

4

∫
d2θ Φ2 + h.c.

}
, (13.2)

while for the daughter theory it is

Lmatter =
1

4

∫
d2θd2θ̄

(
ξ̄eV ξ + η̄eV η

)
+

{
m0

2

∫
d2θ ξη + h.c.

}
. (13.3)

Here Φ is the chiral superfield in the adjoint representation, while ξ and η

are two-index antisymmetric chiral superfields of the type ξ [ij] and η[ij]. The

gauge group is SU(N), the bare gauge coupling is denoted by g2
0 , while the

bare-mass parameter is m0. Remember that in our conventions
∫

θ2 d2θ = 2.

In the limit m0 → 0 the parent theory has N = 2, while its orientifold

daughter has N = 1. We will keep m0 fixed (i.e. N -independent); this is

important for the proof of the non-perturbative planar equivalence. The

ratio m/Λ can be arbitrary but non-vanishing.

The fact that, at m = 0 (or, more generally, m → 0 as N → ∞), the

proof does not hold is seen from the fact that in this limit the parent theory

develops a moduli space, which is much larger than that of the daughter

theory. With m/Λ fixed both theories have N discrete vacua. Physically

interesting is the case of non-vanishing but small m/Λ.

The advantage of having the supersymmetric orientifold daughter is that

we can now calculate the gluon condensates exactly and independently in the

two theories, and compare the degree of coincidence at large N . At N = ∞
they must coincide; the question we address is 1/N corrections.

We will start from the introduction of appropriate scale parameters. In

general, the two-loop β-function equation leads to the convention [26]

Λβ0 = Mβ0

UV

(
16π2

β0 g2
0

)β1/β0

exp

(
−8π2

g2
0

)
. (13.4)
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In our specific case we thus have s

ΛP = MUV exp

(
− 8π2

2N g2
P0

)
,

ΛD = MUV

[
16π2

(2N + 2) g2
D0

] 2
N

N−1
N+1

exp

[
− 8π2

(2N + 2) g2
D0

]
. (13.5)

In deriving the above expressions we used the data collected in Table 5.

Table 5. Coefficients β and γ pertinent to the dis-

cussion in Sect. 13.1.

Data

Theory

@
@

@
@@

β0 β1 γ

Parent 2N 0 2N

Daughter 2N + 2 8(N2−1)
N

2(N−2)(N+1)
N

Next, we would like to define renormalization-group invariant (RGI)

masses in the two theories. Applying Eq. (9.3) and the data from Table 5

we get

mP (µ)

Ng2
P (µ)

= RGI ,
mD(µ)

[
Ng2

D(µ)
]N−2

N

= RGI . (13.6)

It is clear, that physically it makes sense to compare the parent and daughter

theories provided that they have one and the same dynamical scale, ΛP =

ΛD ≡ Λ, and the same RGI mass,t

mP

Ng2
P

=
mD

(Ng2
D)

N−2
N

≡ m. (13.7)

s In fact, the expressions for ΛP , the renormalization-group-invariant mass in the parent theory

and – what is most important – for the gluino condensates in Eqs. (13.8) – (13.10), are exact.

This is due to a holomorphic structure of the NSVZ β function and the gluino condensates in

supersymmetric theories.
t In principle, there is a legitimate alternative; instead of identifying the RGI masses one could

impose the condition of coincidence of the running masses at some relevant scale µ. The running

masses are measurable. Distinction between these two options arises at the 1/N level and is

insignificant in the limit of small m/Λ.
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On general grounds, from generalized R parity, one can fix the dependence

of the gluino condensate on the dynamical scale and the RGI mass [23].

Accordingly, the value of the gluino condensate in the parent theory is

〈λaαλaα〉P = CP × Λ2
P × mP

Ng2
P

, (13.8)

and

〈λaαλaα〉D = CD × Λ
2N+2

N

D ×
[

mD

(Ng2
D)(

N−2
N

)

]N−2
N

(13.9)

in the daughter theory. Two constants CP and CD can be fixed by taking

the limit m0 → MUV in the two theories. Then the theories reduce to N = 1

gluodynamics, and the exact value of the condensate is known. One readily

finds

CP = −4N(8π2), CD = −4N(8π2)(1−2/N)2
(

1 +
1

N

) 4(N−1)

N2

, (13.10)

so that

〈λaαλaα〉D
〈λaαλa α〉P

=
CD
CP

(
Λ

m

)2/N

= 1 +
2

N
ln

Λ

64π4m
+ O

(
1

N2

)
. (13.11)

The comparison of the gluino condensates is moderately interesting, since in

both theories gluinos are in the adjoint representation, and orientifoldization

has only an indirect impact on the daughter-theory gluino. Of more interest

is the ratio of the matter condensates, since it is the matter field that is

subject to orientifoldization. The matter condensates can be expressed in

terms of those in Eq. (13.11) by virtue of the Konishi anomaly [80],

D̄2 (Φ̄eV Φ) = 4m0Φ
2 +

N

2π2
TrW 2 ,

D̄2 (ξeV ξ + η̄eV η) = 4m0ξη +
N − 2

2π2
TrW 2 , (13.12)

which then implies

mD0 〈ξη〉
mP0 〈Φ2〉 =

N − 2

N

〈λaαλa α〉D
〈λaαλaα〉P

=
N − 2

N

CD
CP

(
Λ

m

)2/N

→ 1 , (13.13)

at N → ∞. This formula, as well as Eq. (13.11), shows in an absolutely

transparent form that, as the ratio m/Λ decreases, a critical value of N
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needed for the onset of the planar equivalence increases logarithmically,

N∗ ∼ ln
Λ

m
. (13.14)

On the other hand, Eq. (13.13) exhibits the vanishing of the matter conden-

sate in the daughter theory at N = 2. This is natural too, since at N = 2

the daughter-theory matter loses its color.

13.2. Dijkgraaf–Vafa deformations

So far we only considered the relation between mass deformed N =2 SYM

and a massive orientifold N =1 theory. Recently there was a lot of interest

in more general deformations of the N =2 SYM theory, of the type

Wtree =
∑

k

gk TrΦk. (13.15)

Dijkgraaf and Vafa [81], following an earlier work by Cachazo, Intriligator

and Vafa [82], showed that the effective superpotential of such a theory can

be obtained from a matrix model. It was shown later that the same result

could be derived using standard field theory techniques [78,83] (generalized

Konishi anomalies), hence confirming the Dijkgraaf–Vafa conjecture.

We would like to extend the analysis of Sect. 13.1 with a purely quadratic

superpotential to a more general setup where we have an N =1 SYM theory

with matter in the antisymmetric representation and a generic tree-level

superpotential

Wtree =
∑

k

gk Tr (ξη)k . (13.16)

We wish to compare it with N =1 SYM theory with matter in the adjoint

representation and a tree-level superpotential

Wtree =
∑

k

gk Tr (Φ)2k. (13.17)

The work is in progress, and it is premature to give a detailed report of

relevant results. We would like to note only that at large N the effective

superpotentials of the above two theories coincide. Therefore, the planar

equivalence is instrumental here too, albeit only for holomorphic data.

13.3. Non-holomorphic information

In Sect. 13.2 we mentioned that softly broken N =2 SYM and N =1 SYM

theories, with massive antisymmetric matter field, must effectively coincide
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at large N in the holomorphic sector.

The planar equivalence between SUSY gluodynamics and non-SUSY ori-

entifold field theories extends further. Our results were not restricted to

holomorphic data in the parent N =1 theory. For example, we argued that

the glueball spectra of the two theories coincide at large N .

A natural question is whether for N =2 related parents and their daugh-

ters the correspondence is restricted to holomorphic data or can be extended,

e.g. to D-terms. It is conceivable, for instance, that the prepotential of the

softly broken N = 2 theory can tell us something about the D term of the

orientifold N =1 daughter theory, thus providing important information on

its spectrum.

A “nearly holomorphic” result is the string tension formula of Douglas

and Shenker for k-strings in softly broken N =2 SYM theory [84]

σk ∼ mΛ sinπ
k

N
. (13.18)

An extended large-N correspondence would predict a similar sine formula

for the k-string tension in N =1 orientifold field theory, cf. [35].

14. A view from the string theory side

The orientifold field theory has a nice and natural description in type-0 string

theory. We will describe this connection in detail. We start from a short

review of orbifolds and orientifolds in type II string theory. We introduce

the type-0 string and its various orientifolds. Then we explain how the

orientifold field theory is realized via a type-0 brane configuration. We will

use this realization to conjecture a supergravity description of the large-N

theory. The lift to M-theory of the type 0A brane configuration is also briefly

discussed.

14.1. Orbifolds, orientifolds and quiver theories

One of the most interesting aspects of string theory is that (in contrast to

the point-particle theory) a consistent theory can be formulated on singu-

lar spaces, called “orbifolds”. The textbooks by Polchinski [85] contain an

excellent introduction to orbifolds.

Let us focus on closed string theories, such as type IIA/B. The Z2 orbifold,

obtained by the identification Xm → −Xm, is the simplest example. Closed

strings can propagate in the “bulk”, but another consistent possibility is to

consider also strings that are stuck at the fixed point Xm = 0. This is the

twisted sector of the closed string theory.
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One can introduce D-branes and place them on the orbifold singularity

[86]. The massless open string spectrum on N D-branes placed on a Zk

singularity is identified with a U(N)k gauge theory with chiral bifundamental

matter. These field theories are also known in the literature as “quiver

theories”.

Following Maldacena [66], Kachru and Silverstein considered [9] D3-

branes on an R6/Zk orbifold singularity. They conjectured that the U(N)k

quiver theory that lives on the branes is dual to type IIB string theory

on AdS5 × S5/Zk. As we already mentioned in the introduction, some of

these theories are non-supersymmetric and, hence, Kachru and Silverstein

predicted a large class of large-N non-supersymmetric finite theories.

The AdS/CFT correspondence relates open strings to closed strings. Clo-

sed string modes are identified with operators in field theory. In general,

untwisted (“bulk”) closed strings are identified with the operators that are

invariant under the orbifold action. For example, the dilaton is identified

with the operator G2
1 + G2

2 + ... + G2
k. Twisted modes are identified with

non-invariant operators (therefore, they are called “twisted operators”). Ex-

amples of the correspondence in orbifold spaces are given in [87] and [88]. An

important comment is that when the orbifold breaks supersymmetry, there

are always tachyons in the twisted sector. From duality one then expects

instabilities at strong coupling on the gauge theory side [28].

Similarly to orbifolds, one can consider orientifolds. The latter are ob-

tained by gauging the transformation

Ω : Xm(z, z̄) → −Xm(z̄, z) ,

a combination of world-sheet parity and a space-time reflection. One can

think about orientifolds as mirrors that sit at the fixed point Xm = 0. The

closed strings and their mirrors propagate in the bulk. The strings become

unoriented. In contrast to orbifolds, there is no twisted sector in the case of

orientifolds.

There are two options: one can place either (i) a D-brane on the ori-

entifold fixed point, or (ii) a D-brane and its mirror with respect to the

orientifold, see Fig. 8. Usually we have a U(N) gauge factor on a stack of N

D-branes (N 2 combinations of massless open strings). If the D-branes sit on

top of an orientifold, we will obtain either SO(N) or Sp(N) gauge groups.

The reason is that only (N 2 ± N)/2 combinations of open strings survive

the projection. The second situation in which a closed string and its mirror

are propagating between a D-brane and an orientifold plane is illustrated

in Fig. 8. The same process can be described in terms of circulating open
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strings.

Figure 8. A D-brane, a closed string and their mirrors in the presence of an orientifold plane.

The generalization of the AdS/CFT correspondence to N = 4 theories

with SO(N) or Sp(N) gauge groups is obtained by considering N D3-branes

on top of an O3-plane. The resulting space is AdS5×RP 5. Since there are no

twisted sectors for orientifolds, the AdS/CFT correspondence dictionary be-

tween the operators and fields for SO/Sp theories is obtained by selecting Z2

invariant fields and their corresponding operators from the U(N) dictionary.

14.2. Type-0 string theory

Type 0A/B string theories are non-supersymmetric closed string theories

with world-sheet supersymmetry. The world-sheet definition of these theo-

ries is exactly the same as that of the type II string theories. The differ-

ence between the theories is the non-chiral (diagonal) Gliozzi–Scherk–Olive

(GSO) projection [89]. This projection omits the space-time fermions (the

NS-R sector) but keeps the following bosonic sectors [76] in the spectrum:

type 0A : (NS−, NS−) ⊕ (NS+, NS+) ⊕ (R+, R−) ⊕ (R−, R+) ;

type 0B : (NS−, NS−) ⊕ (NS+, NS+) ⊕ (R+, R+) ⊕ (R−, R−) .

in the spectrum.

In particular, there is a tachyon in the (NS-,NS-) sector. Because of the

doubling (with respect to the type II) of the R-R sector, there will be two

kinds of D-branes. These two kinds are often called “electric” and “mag-

netic” branes, or fractional branes. The type-0 string can also be thought

of as an orbifold of the type-II string. In particular, type 0B is obtained

by orbifolding type IIB by the space-time fermion number (−1)Fs . Then,

we can think about untwisted and twisted fields and, accordingly, about

untwisted and twisted D-branes. In the following we will be interested in

the brane configurations that consist of coincident pairs of N electric and N

magnetic D-branes, or a set of N untwisted branes in the orbifold language.

The untwisted branes are analogous to the type-II branes.



September 11, 2004 11:55 WSPC/Trim Size: 9.75in x 6.5in for Proceedings armoni

420 A. Armoni, M. Shifman, and G. Veneziano

14.3. Type-0 orientifolds

The type-0B string in ten dimensions admits three kinds of orientifolds [90].

We will be interested mostly in Sagnotti’s non-tachyonic orientifold [91,92].

The projection is Ω′ = Ω(−1)fR . It acts on the oscillators as

Ω′ αµn Ω′ = α̃µn ,

Ω′ Ψµ
r Ω′ = Ψ̃µ

r ,

Ω′ Ψ̃µ
r Ω′ = Ψµ

r ,

Ω′ |0〉NS−NS = − |0〉NS−NS .

In particular, the tachyon (the NS-NS vacuum) is not invariant under Ω′ and,

hence, it is projected out. In addition, Ω′ projects out one set of the R-R

fields. In order to cancel the R-R tadpole one has to introduce 32 D-branes.

The massless open string spectrum on the branes forms the ten-dimensional

U(32) gauge theory with an antisymmetric Dirac fermion. In this rather

unusual orientifold, the projection acts only on the fermionic open strings

and, therefore, there are N 2 gauge bosons as in the oriented theory and

only 2 × 1
2(N2 − N) massless fermions. In a sense, the closed string part of

the resulting theory looks as the bosonic part of the type-I string. It is a

tachyon-free bosonic string theory with an open string sector.

14.4. Brane configurations

The orientifold field theories (either orienti A or orienti S) can be embedded

in a brane configuration of type-0A string theory. Let us briefly review the

corresponding construction.

Let us first describe how N =1 SYM theory is realized in type-IIA string

theory [60, 93, 94] (see also [95]). One can consider a brane configuration

that consists of N D4-branes suspended between orthogonal NS5-branes.

The world-volume of the D4-branes is 01234, those of the NS5-branes are

012356 and 0123478. This brane configuration is depicted in Fig. 9.

Moreover, one can consider an analogous brane configuration in type-0A

string theory [16], see Fig. 10. The type-IIA D4-branes have to be replaced

by the untwisted D4-branes of type 0A (N electric plus N magnetic branes).

The field theory on the brane is a gauge theory with a U(N)×U(N) gauge

group and a bifundamental fermion (the Z2 orbifold field theory discussed in

detail in Sect. 4). Note that, since type-0A string theory contains a closed

string tachyon whose mass is −2/α′, it is not obvious at all that there is

a decoupling limit. Moreover, the tachyon that lives in the twisted sector
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NS

NS’

Type IIA

Figure 9. The type-IIA brane configuration. The field theory on the branes is N =1 SYM theory.

couples to the twisted operator TrG2
ee−TrG2

mm on the brane. If we adopt an

AdS/CFT philosophy, then the above-mentioned field theory should suffer

from instabilities [28]. And it does! These problems were discussed in the

field-theory part of this review, see Sect. 5.

NS

NS’

Type 0A

Figure 10. A type-0A brane configuration. The field theory on the branes is a gauge theory with

gauge group U(N)×U(N) and a bifundamental Dirac fermion (the Z2 orbifold field theory).

In order to have a better-behaved model, one can use the orientifold

construction from the previous section. We can add an O’4-plane on top of

the D4-branes. The resulting field theory is our orientifold field theory (A

or S, depending on the orientifold charge).

This is the four-dimensional U(N) gauge theory with a Dirac fermion in

the antisymmetric (symmetric) two-index representation. Note that the bulk

tachyon does not couple to the field theory and, therefore, the decoupling

limit is no longer problematic. In addition (and as a consequence), we do not
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expect any instabilities in field theory. This is the underlying reason why

non-supersymmetric orientifold field theories are “better” than orbifold field

theories. The brane configuration that realizes the orientifold field theory is

depicted in Fig. 11.

NS

NS’

Type 0A

O’4

Figure 11. A type-0A brane configuration with an orientifold plane. The field theory on the

branes is a U(N) gauge theory with a Dirac fermion in the antisymmetric (symmetric) two-index

representation.

Since we discuss a non-supersymmetric brane configuration, a natural

question is the stability issue. In general, non-BPS configurations are un-

stable. In the present case the situation is better, however. The untwisted

D4-branes of type-0 string theory behave, at tree level (gst = 0), like the BPS

branes of type-IIB string theory. The annulus diagram vanishes, implying

that there are no forces between the branes.

From the analysis of the above brane configuration we learn that the ori-

entifold field theory is better than the orbifold field theory due to the absence

of the twisted sector in the former. The brane realization also teaches us

that a useful way of thinking about the orientifold field theory is as if we had

a U(N)×U(N) field theory, but with the two gauge factors identified. We

exploited this way of thinking of the orientifold field theory in our proof [6]

of planar equivalence between N =1 SYM theory and orientifold theories.

14.5. AdS/CFT

In this section we would like to provide a dual-gravity description of the large-

N orientifold field theory. The large-N gauge theories were conjectured to

have a dual-string description. The prime example is the SU(N) N =4 SYM

theory, which is dual to the type-IIB string theory on AdS5 × S5.

Consider the orientifold field theory, which is the daughter of N =4 SYM

theory. The gauge group is SU(N) in both the parent and daughter theo-
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ries. The orientifold daughter has six scalars in the adjoint representation

of SU(N) and four Dirac fermions in the antisymmetric two-index represen-

tation.

This theory lives on a collection of self-dual (untwisted) D3-branes and

an O’3-plane of type-0B string theory. It is natural, by considering the near-

horizon geometry, to suggest [67] that its string dual is type-0B string theory

on AdS5 × RP 5. In the gravity approximation, the solution, as well as the

dynamics, are almost identical to those of the parent supersymmetric theory.

This is because the massless closed string modes of type 0B are the bosonic

modes of type IIB. The effective gravity action of the non-tachyonic type 0B

is also identical to the bosonic part of the type-IIB action. Hence, the dual

string theory predicts that the large-N orientifold field theory will coincide

with the supersymmetric theory in the bosonic sector. This is in agreement

with field-theory expectations.

Let us consider now the field-theory analogue of N = 1 SYM theory.

In this case the problem is more involved, since there is no known super-

gravity dual to just N = 1 SYM theory. There is, however, a supergravity

dual to a theory that flows to N = 1 SYM theory in the IR limit. This is

the Maldacena-Nuñez solution [68]. We can consider an analogous solution

in non-tachyonic type-0 string theory. Since the gravity action is identi-

cal to type II, it is guaranteed that such a solution exists also in the non-

supersymmetric case. Thus, all predictions of supergravity can be copied

in the large-N orientifold field theory, as long as only the bosonic sector is

considered. In particular, all correlators will be the same and the bosonic

glueball spectra should agree. Note that in type-0 string theory there are no

fermionic closed strings, in agreement with the absence of fermionic glueballs

in the orientifold field theory. Moreover, we will have N degenerate vacua

and a gluino condensate. Again, all the above is in full agreement with the

field-theory results.

Can we use the dual string theory description to calculate the 1/N correc-

tions that make the supersymmetric parent theory and non-supersymmetric

daughter different? This is a real challenge. On the string theory side, we

expect that these effects will be due to a dilaton tadpole term that exists in

the type-0 effective action but does not exist in the type-II action [67]. Un-

derstanding the finite-N theory could lead to predictions for one-flavor QCD

from gravity! Were this feasible, it would represent a major breakthrough.
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14.6. The bifermion condensate from M-theory

In this section we discuss the strong-coupling regime of the orientifold field

theory at large-N starting from the relation of type-0A string theory to

M-theory.

Similarly to type-IIA string theory, type-0A can be obtained from M-

theory by a compactification of the eleventh dimension on a Scherk–Schwarz

circle [96]. By using this conjecture we can lift the brane configuration

displayed in Fig. 11 to M-theory, analogously to the lift of the analogous type-

IIA brane configuration [60,93,94]. Note that the presence of the orientifold

plane can be neglected in the large-N limit, since its R-R charge is negligible

with respect to the R-R charge of the branes (N). Similarly to the type-

IIA situation, we will obtain a smooth M5-brane and the resulting curve

(the shape of the M5-brane) will be the same as the curve of N = 1 SYM

theory [94],

SN = 1. (14.1)

The meaning of this curve is that there are N vacua with the bifermion con-

densate as the order parameter, in agreement with our field-theory results.

15. Conclusions

This review is devoted to a recent development, which will hopefully produce

a strong impact on QCD and QCD-like theories: planar equivalence between

distinct gauge theories at strong coupling, proved both at the perturbative

and at the non-perturbative level. The “main” parent gauge theory is N =

1 gluodynamics. Although it is not completely solved, a rather extensive

understanding of this theory emerged in the 1980s and ’90s. The orientifold

field theories, being planar-equivalent to N = 1 gluodynamics, inherit its

most salient features: an infinite number of spectral degeneracies in the

bosonic sector at N = ∞, discrete well-defined vacua labeled by an order

parameter, the quark condensate, confinement with a mass gap, etc. The

orientifold theory A is special. At N = 3 it is not just another cousin of

QCD; it identically coincides with one-flavor QCD. This gives a hope, for

the first time ever, to obtain a direct relation between physical observables

in SYM theories and those in one-flavor QCD. To this end working tools

must be found, which will allow us to treat 1/N corrections (say, the leading

post-planar-equivalence corrections). Finding such tools would amount to

a major breakthrough in QCD. At the moment, progress in this direction

is modest. Performing a rather crude estimate of 1/N corrections, we were

able to evaluate the quark condensate in one-flavor QCD starting from the
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known exact expression for the gluino condensate in N = 1 gluodynamics.

Our result is in agreement with the existing empiric evaluations, although

the uncertainties on both sides — theoretical and experimental — are rather

large.

Our presentation sometimes follows and sometimes deviates from the

historical path. The very notion of the planar equivalence between distinct

gauge theories (with varying degrees of supersymmetry) was born in the

depths of string theory. We discuss the genesis of the idea in the very

beginning of our review, and then essentially leave string theory to Sect. 14.

This section collects together, in concise form, string-theory interpretations

of various results on the planar equivalence discussed in the bulk of the

review. This is done on purpose. We hope that the above interpretations

will turn out to be inspirational in solving the issue of 1/N corrections —

today’s number-one problem as we see it.

Meanwhile we initiate and carry out discussions of other issues, which are

conceptually related to the statement of planar equivalence. These include

“BPS” domain walls and “chiral rings” in orientifold theories (both turn out

to be well-defined in the absence of SUSY!), the vanishing of the vacuum

energy density (cosmological term) at O(N 2), parent–daughter pairs with

no supersymmetry (proliferation of flavors), and so on. Although each of

the above issues can (and must) be elaborated in more detail in the future,

we feel that outlining novel directions is as important now as the pursuit

of the actual solutions. In this aspect our review is unconventional: besides

summarizing results already published in the original literature, we pose and

discuss new questions, e.g. in Sects. 10, 12, 13, and Appendix C.
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Appendix A: SUSY relics in pure Yang–Mills theory

In Sect. 8 we suggested a new “orientifold” large-N expansion that connects

one-flavor QCD to N =1 gluodynamics. The ’t Hooft 1/N expansion con-

nects one-flavor QCD to pure SU(3) Yang–Mills theory. Therefore, the pure

SU(3) gauge theory is also approximated, in a sense, by a supersymmetric

theory.

Although it is reasonable to suspect that in this case the errors of the

approximations made accumulate, it still makes sense to ask whether there

are any relics of SUSY in the SU(3) Yang–Mills theory.

In fact, it has been known for a long time [38] that such relics do exist

in pure gauge theory, although at that time they were not interpreted in

terms of supersymmetry. Indeed, it was shown [38] that one can use an

approximate holomorphic formula
〈
TrG2 + iTr G̃G

〉
= M4

UV e−τ/3 , (A.1)

τ =
8π2

g2
+ i θ . (A.2)

(For this equation to be holomorphic in τ , renormalization-group-invariant

and, in addition, to have the correct θ dependence, we must use β0 = 12

rather than the actual value β0 = 11 in SU(3) Yang–Mills theory. The de-

composition 11 = 12−1 has a deep physical meaning; −1 presents a unitary

contribution in the one-loop β function, while 12 is a bona fide antiscreen-

ing, see e.g. [97]). The holomorphic dependence is a relic of supersymmetry.

Equation (A.2) implies, in particular, that the topological susceptibility χ is

given in terms of the expectation value of TrG2 by

12χ ≡ −i

∫
d4x

〈 √
3

16π2
GaG̃a(x) ,

√
3

16π2
GaG̃a(0)

〉

conn

=

〈
1

8π2
GaGa

〉
. (A.3)

The numerical value of the left-hand side is known, either from the WV

formula [40,41] or from lattice measurements [98], to be ≈ 1.3× 10−2 GeV4.

The gluon condensate on the right-hand side is that of pure Yang–Mills

theory and was estimated to be approximately twice larger (see Ref. [38],

Sect. 14) than the gluon condensate in actual QCD,
〈

1

4π2
GaGa

〉

QCD

≈ 0.012GeV4,
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see Ref. [99]. If so, the numerical value of the right-hand side of (A.3) is

≈ 1.2 × 10−2 GeV4. Note that the phenomenological estimate of the gluon

condensate and the factor 2 enhancement mentioned above are valid up to

∼ 30%.

Appendix B: Relation between ΛPV and Λ’s used in

perturbative calculations

The standard regularization in performing loop calculations in perturbation

theory in non-Abelian gauge theories is dimensional regularization, supple-

mented by MS renormalization. Determinations of the scale parameter Λ in

QCD that can be found in the literature refer to this scheme. At the same

time, in calculating nonperturbative effects (e.g. instantons) one routinely

uses the Pauli-Villars (PV) regularization scheme. This is because the in-

stanton field is (anti)self-dual, and this notion cannot be continued to 4 − ε

dimensions. The PV regularization/renormalization scheme in this context

was suggested by ’t Hooft [100]; it was further advanced in supersymmetric

instanton calculus in Ref. [101], see also the review paper [24].

This previously created no problem, since there were no analytical pre-

dictions for non-perturbative quantities in QCD in terms of Λ that could

be compared with measured quantities. With the advent of the orientifold

1/N expansion, this becomes a problem. Indeed, in the parent SUSY theory

non-perturbative quantities are known in terms of ΛPV. We then copy them

in the large-N limit of the orientifold daughter theory, extrapolate down to

N = 3, and thus get a prediction in one-flavor QCD in terms of ΛPV. In

order to calibrate the prediction one needs to know the relation between ΛPV

and ΛMS.

In fact, the situation is slightly more complicated. Dimensional regular-

ization per se cannot be used in SUSY theories, since it breaks the balance

between the number of the fermionic and bosonic degrees of freedom. For

instance, in SUSY gluodynamics, the standard dimensional regularization

would effectively imply d − 2 bosonic degrees of freedom and 2 fermionic.

The problem is solved by elevating dimensional regularization to dimensional

reduction (DRED), with the subsequent application of the MS procedure.

The supersymmetry is maintained because even in d = 4 − ε dimensions,

the numbers of the fermionic and bosonic degrees of freedom match. In the

above example of SUSY gluodynamics it is 2 versus 2.

Our task here is to derive the relation between ΛPV and ΛMS. At the

one-loop level, this is a rather simple exercise, a direct generalization of ’t

Hooft’s argument [100]. An exact relation between two renormalized gauge
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couplings (one in PV, another in DRED + MS) at one loop will allow us

to obtain the ratio ΛPV/ΛMS up to O(α) corrections. This is sufficient for

practical purposes.

B.1. Brief history

Before delving into this simple calculation it would be in order to say a few

words on history and literature, since it is rather confusing. The first analysis

of αPV versus αMS at one loop was carried out by ’t Hooft, in connection

with instantons; see Sect. XIII of his pioneering paper [100]. Unfortunately,

the key expression (13.7) contained an error .a The error was noted and

corrected by Hasenfratz and Hasenfratz [103], see also Ref. [104]. What

is confusing is the fact that a later reprint of ’t Hooft’s paper (see [105])

reproduces the corrected derivation, and the updated result (13.9), without

mentioning that the required corrections had been made.b A subtle point

in the derivation, which in fact led to the above controversy, is present only

in non-supersymmetric theories, such as pure Yang–Mills theory or QCD.

It is absent in supersymmetric theories. This circumstance will immensely

facilitate our analysis.

B.2. Relating αPV and α
MS

at one loop

We will show that in supersymmetric gauge theories, at one loop,

αrenorm
PV = αrenorm

MS
, (B.1)

where the left-hand side refers to the Pauli-Villars procedure, while the right-

hand side to DRED+MS. The important aspect of this equality is that it

applies to non-logarithmic terms. Equation (B.1) implies, in turn, that

ΛPV = ΛMS (1 + O(α0)) . (B.2)

To keep our derivation as simple as possible, we will limit ourselves to

SQED. Generalization to non-Abelian theories is absolutely straightforward.

a Unfortunately, this error propagated in part in some reviews, e.g. Ref. [102].
b Equation (13.7) of the reprinted article still contains a typo, −1 on the right-hand side should

be replaced by −1/2. This misprint has no impact on the subsequent expressions of the reprinted

article.
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The Lagrangian of SQED is

L =

(
1

8e2
0

∫
d2θ W 2 + h.c.

)
+

1

4

∫
d4θ

(
S̄eV S + T̄ e−V T

)

+

(
m0

2

∫
d2θ S T + h.c.

)
, (B.3)

where S and T are chiral superfields of the electric charge +1 and −1, re-

spectively. The subscript 0 marks the bare coupling constant and mass. The

Lagrangian (B.3) describes photon, electron and two selectrons. We will im-

pose the Wess-Zumino gauge and will use the background field formalism.

(For a detailed introduction see the review paper [106]).

The renormalized gauge coupling 1/e2 is defined as the coefficient in

front of the operator − 1
4 GµνG

µν in the effective Lagrangian, presented as a

sum in various Lorentz- and gauge-invariant operators (which are classified

according to the number of derivatives).

The background field formalism assumes that a background field (A)bck is

introduced; the matter fields in the loop propagate in the given background.

For instance, the contribution of one charged scalar field is given by
{
Det(−D2

µ − m2)
}−1

, (B.4)

where Dµ is the covariant derivative with respect to the background field,

Dµ = ∂µ + i(Aµ)bck . (B.5)

The mass term m is assumed to be real; at one loop the distinction between

m and m0 is unimportant.

The contribution of one charged Dirac fermion can be written as

{
Det

[(
−D2

µ − m2
)
I − i

2
σµν(Gµν)bck

]}1/2

, (B.6)

where I is the 4×4 unit matrix in the space of the spinorial Lorentz indices,

and σµν = 1
2 (γµγν − γνγµ).

The second term in the square brackets is the magnetic interaction of

the electron with the background field. The scalar field (selectron), having

no spin, has no magnetic interaction; in this case the background field is

coupled to the electric charge (through the covariant derivative).

Let us switch off, for a moment, the magnetic interaction of the electron.

Then the electron contribution to the effective Lagrangian reduces to

{
Det

(
−D2

µ − m2
)
I
}1/2

=
{
Det

(
−D2

µ − m2
)}2

, (B.7)
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and is exactly canceled by the contribution of two selectrons (the square of

Eq. (B.4)). This cancellation is due to the balance of the fermion and boson

degrees of freedom inherent in supersymmetry. It is important that DRED

does not destroy this balance — the cancellation will hold in 4−ε dimensions

too.

Thus, the charge coupling drops out,c and it is only the magnetic inter-

action of the electron that determines the gauge-coupling renormalization

at one loop. One obtains it by expanding Eq. (B.6) in σµν(Gµν)bck. It is

quite obvious that the linear term vanishes; the first non-vanishing term is

quadratic in σµν(Gµν)bck, and it is proportional to (after the Wick rotation

of the integration momentum)

Tr
{
σµν(Gµν)bck σαβ(Gαβ)bck

} ∫
d4p

(2π)4
1

(p2 + m2)2

∣∣∣∣
reg

, (B.8)

where the subscript reg means that the expression must be regularized. In

DRED we replace

d4p

(2π)4
→ d4−εp

(2π)4−ε
, (B.9)

while in the Pauli-Villars regularization we replace the integrand

1

(p2 + m2)2
→ 1

(p2 + m2)2
− 1

(p2 + M2
UV)2

. (B.10)

As a result, expression (B.8) reduces to

− 1

π2
(Gµν)bck (Gµν)bck ×

{
1
ε − lnm − γ

2 + ln(4π)
2 , DRED

ln MUV
m , PV

(B.11)

where γ is Euler’s constant.

The MS renormalization prescribes one to replace 1
ε −

γ
2 + ln(4π)

2 by lnµ,

while the PV renormalization replaces MUV by the same lnµ. Thus, in these

two schemes, at one loop, the renormalized gauge couplings are related to

the bare coupling in one and the same way, i.e.

α−1
MS

− α−1
PV = 0(α) , (B.12)

c The charge contribution is the one that is most labor-consuming. In terms of the instanton

calculation of the gauge coupling renormalization, the charge contribution is in one-to-one corre-

spondence with the non-zero modes, while the magnetic contribution corresponds to zero modes.

For more details see the review paper [102].
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implying, in turn, that

ΛPV = ΛMS . (B.13)

Appendix C: Getting two-loop β functions for free d

In our above considerations we have repeatedly used the values of the second

coefficients in the β functions referring to various theories, which are deriva-

tives of supersymmetric gluodynamics. These coefficients can be borrowed

from the literature. They were calculated in the 1970’s and 80’s [107] through

a direct computation of relevant two-loop graphs, exploiting the technique

of dimensional regularization [108] — the only regularization scheme suffi-

ciently developed to allow us to get practical results in the Yang–Mills theory

beyond one loop. Calculation of two-loop diagrams in the Yang–Mills theory

(let alone three loops) is a rather cumbersome task. It requires some experi-

ence, and usually, goes beyond the level accessible to field-theory students.

Here we will show how the observations we made in the body of the re-

view allow us to reduce the calculation of the two-loop coefficients of the β

functions, in a class of theories related to supersymmetric gluodynamics, to

simple algebraic manipulations. The theories that can be treated in this way

must have the same Teff as in supersymmetric gluodynamics, i.e. N/2 (the

definition of Teff is given below). Besides practical simplicity, our analysis

will allow us to address another issue, which is very hard (if at all possible)

to study in a direct computation of two-loop graphs in dimensional regular-

ization. The dimensional-regularization-based analysis makes no distinction

between UV and IR contributions. In supersymmetric gluodynamics we

know that the first coefficient of the β function is Wilsonian. The second

and all higher coefficients in the β function vanish in the Wilsonian action;

they occur when passing to the canonic action as a result of an anomaly

(sometimes referred to as the holomorphic anomaly [109]). A detailed dis-

cussion of this topic can be found in the original publication [110] and later

elaborations [111]. In non-supersymmetric Yang–Mills theories, the problem

of what is Wilsonian and what is not has not been addressed so far, even at

the two-loop level, let alone higher loops. We turn to this question at the

end of this appendix.

In order to be able to follow the presentation below, the reader must be

d The above title is a Pickwickian joke — remember “The Posthumous Papers of the Pickwick

Club”, by Charles Dickens. The calculation of the two-loop β function outlined below does reduce

to a few simple algebraic manipulations, and, thus, is indeed “for free”, except that the price had

been previously paid.



September 11, 2004 11:55 WSPC/Trim Size: 9.75in x 6.5in for Proceedings armoni

432 A. Armoni, M. Shifman, and G. Veneziano

familiar with the background field method, as well as instanton calculus. We

recommend the following reviews to study instanton calculus:

(a) ABC of Instantons, by V. A. Novikov, M. A. Shifman, A. I. Vain-

shtein and V. I. Zakharov, Sov. Phys. Usp. 24, 195 (1982); an updated and

expanded version can be found in M. Shifman, ITEP Lectures on Particle

Physics and Field Theory (World Scientific, Singapore, 1999), Vol. 1, pp.

201-300; especially Sects. 9.2, 9.3, and 9.4.

(b) Instantons Versus Supersymmetry: Fifteen Years Later, by M. Shif-

man and A. Vainshtein, in M. Shifman, ITEP Lectures on Particle Physics

and Field Theory (World Scientific, Singapore, 1999) Vol. 2, pp. 485-647;

especially Sect. 4.1 [hep-th/9902018].

As for the former, the background-field method goes back to Julian

Schwinger’s ideas. Extensive references can be found in the review arti-

cle [106] as well as in a recent publication [112]. The former paper adapts

various versions of the background-field technique to non-Abelian gauge-

field theories. The latter presents the state-of-the-art of the background

field technology. Building on the ideas of Ref. [113], the authors perform an

economic and elegant calculation of the β function at three loops.

C.1. The class of theories we will be dealing with

The theories to be discussed below are SU(N) Yang–Mills theories with a

judiciously chosen fermion sector. The composition of the fermion sector

must be such that

Teff ≡
∑

repr

T (R) =
N

2
, (C.1)

where the sum runs over all fermions involved in the theory. For instance,

in supersymmetric gluodynamics the only fermions are gluinos (the Weyl

spinors) in the adjoint representation of SU(N) and, hence, the condition

(C.1) is satisfied (the factor 1/2 is due to the “Weyl-ness” of the gluinos).

Another theory in which (C.1) is satisfied is Nf = Nc QCD. For brevity,

we refer to this theory as N 2-QCD. The number of colors is N , and so

is the number of the quark flavors (the Dirac spinors in the fundamental

representation of SU(N)). This theory is obviously non-supersymmetric,

but Teff = N × (1/2), where 1/2 comes from each flavor.

Finally, the third example is Yang–Mills theory with one Dirac spinor in

the antisymmetric two-index representation (“orienti”) plus two fundamen-

tal quarks (“2f”). We refer to this theory as orienti/2f-QCD. At N = 3 it
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becomes three-flavor QCD. In this theory

Teff =
N − 2

2
+ 2 × 1

2
=

N

2
, (C.2)

i.e. the effective Casimir coefficient coincides with that in supersymmetric

gluodynamics.

What remains to be added? The standard definition of the coefficients of

the β function from the Particle Data Group (PDG) is (see (8.3))

µ
∂α

∂µ
≡ β(α) = − β0

2π
α2 − β1

4π2
α3 + ... . (C.3)

The values of the first two coefficients borrowed from the literature are dis-

played in Table 6.

Table 6. The first two coefficients of the β function

in N2-QCD and orienti/2f-QCD (SUSY gluodynam-

ics is shown for comparison).

Theory

Coeff.

@
@

@
@@

N2-QCD Orienti/2f SYM

β0 3N 3N 3N

β1
7N2+1

2
3N2 + 2N − 3

N
3N2

Equation (C.3) corresponds to the following effective action:

Leff = −1

4

{
1

g2
0

− β0

8π2
ln

MUV

µ
− β1

64π4
g2
0 ln

MUV

µ
+ ...

}
Ga
µνG

µν, a . (C.4)

C.2. Teff

In SUSY gluodynamics, the gluino contribution is characterized by

T (G)eff =
N

2
, (C.5)

where 1/2 reflects the fact that gluinos are the Majorana rather than Dirac

spinors. In the daughter theories we define

Teff =
∑

R

T (R) , (C.6)
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where the sum runs over all fermion representations present in the given

theory, and it is assumed, for simplicity, that the daughter fermions are

Dirac. Otherwise, we should have introduced a 1/2 factor for each Weyl

fermion in the sum (C.6).

The class of daughter theories to be considered below is defined by the

condition Teff = N/2. It is quite obvious that in any theory belonging

to this class the first coefficient of the β function is the same as in SUSY

gluodynamics, by construction. The second coefficient is almost the same,

but not quite.

Why do we say “almost”? Because the vast majority of graphs relevant to

the calculation of the β function at two loops are either completely insensitive

to fermions (Fig. 12a–c) or, if sensitive, depend only on Teff (Fig. 12d–f),

and once Teff is set to be the same as in SUSY gluodynamics, these graphs

produce the same result. In fact, the only two diagrams that differentiate

SUSY gluodynamics on the one hand, and daughter theories with Teff = N/2

on the other, are those depicted in Figs. 12g and h. Note that these two

graphs are the simplest in the set.

(a) (b)

(f)

(g) (h)

(d)

(e)

(c)

Figure 12. Two-loop contributions to the β function. The wavy line is the background (soft)

gluon field, the dashed line stands for the quantum gluon field, the solid line for the fermion fields.

The fermion contribution is represented by diagrams d through h.
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C.3. What is known about the last two graphs in Fig. 12?

Let us compare these two graphs (Figs. 12g and h), with those determining

the inclusive cross section of e+e− annihilation in hadrons. More exactly,

we will truncate the e+e− vertex, which is irrelevant to our purposes, and

will focus on the part describing the conversion of the virtual photon into

quarks (Fig. 13).

...... ......

(a)

......

(b)

...... ...... + ......

Figure 13. γ∗ → ψ̄ ψ → γ∗ in one and two loops. A virtual photon is denoted by the dotted line.

These graphs are treated in textbooks (e.g. [114]), an easy exercise feasible

in more than one way. The well-known answer is that the ratio of the

diagrams in Fig. 13b to that in Fig. 13a is

3
g2

16π2
C(R) (C.7)

(for quarks in SU(3) QCD, we have C(R) = 4/3, and Eq. (C.7) is nothing

but the famous αs/π correction!). The last two graphs in Fig. 12 differ from

the last two graphs in Fig. 13 only by color factors.

The color factor relevant to Fig. 12h is

Tr (T aT cT bT c) →
[
C(R) − N

2

]
T (R) δab . (C.8)

We can drop the term −NT (R)/2, since this term is one and the same in

SUSY gluodynamics and daughter theories satisfying the condition (C.1) —

remember, we consider only such theories here. The color factor relevant to

Fig. 12g is

Tr (T aT cT cT b) → C(R)T (R) δab . (C.9)

Taking account of the previous remark, we conclude that the overall color
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factor in the last two diagrams of Fig. 12 is C(R)T (R), and the ratio

+

= 3
g2

16π2
C(R) , (C.10)

i.e. the same as in Eq. (C.7).

To summarize, the change of the two-loop coefficient in the β function in

passing from SUSY gluodynamics to any daughter theory with Teff = N/2

is governed by the combination

∑

R

C(R)T (R) . (C.11)

In SUSY gluodynamics the above combination reduces to N 2/2. If it were

equal to N 2/2 in the daughter theory under consideration, this would have

the same two-loop coefficient as the SYM theory, namely 3N 2. With our

judicious choice of the fermion sector the value of
∑

R T (R) is fine-tuned,

Eq. (C.1), but that of
∑

R C(R)T (R) is not. The change in
∑

R C(R)T (R)

is very easy to take into account, however. Combining Eq. (C.4) with (C.10)

we obtain e

∆β1 = −2∆(CT ) . (C.12)

In deriving the above formula we also used the fact that

β0 = (11/3)N − (4/3)
∑

T (R) .

C.4. N2- QCD

In QCD with N fundamental quark flavors, Teff is N/2, so that this theory

belongs to our class. At the same time

∑
Cfund Tfund =

N

2

(
1 − 1

N2

)
N

2
= −1

4
+

N2

4
(C.13)

versus N 2/2 in SUSY gluodynamics. Hence, ∆(CT ) = −(N 2 + 1)/4, and

∆β1 = (β1)N2QCD − (β1)SYM =
N2 + 1

2
, (C.14)

in full accord with the value presented in Table 6.

e For the sign convention, see Eq. (C.30).
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C.5. Orienti/2f-QCD

The analogue of Eq. (C.13) is

∑

A, fund

C(R)T (R) =
(N − 2)2 (N + 1)

2N
+

N

2

(
1 − 1

N2

)

=
N2

2
− N +

3

2N
, (C.15)

to be compared with N 2/2 in SUSY gluodynamics. Equation (C.15) implies

that ∆(CT ) = −N + 3 (2N)−1. Note that the leading term proportional to

N2 cancels in ∆(CT ). This cancellation was certainly expected: as we know

from the bulk of the review, in the planar limit, the β functions of SYM and

orienti/2f theories must coincide. The difference emerges only at the 1/N

level. From Eq. (C.12) we deduce that

∆β1 = (β1)orienti/2f − (β1)SYM = 2N − 3

N
, (C.16)

cf. Table 6.

C.6. Wilsonian β

To acquaint the reader with the issue, it is convenient to begin by outlining

how the NSVZ β function is obtained in SU(N) SUSY gluodynamics from

instanton calculus.f We will rephrase the standard argument in a slightly

different form, which will, hopefully, make the presentation somewhat sim-

pler.

Let us introduce a small mass term for the gluino field, madj; then the

integration over the fermion moduli can be carried out explicitly. The in-

stanton measure reduces to a product of an integral over the bosonic moduli,

ρ−5 dρ d4x0 dΩ, times the prefactor

M3N
UV mN

adj

(
1

g2
0

)2N

exp

(
−8π2

g2
0

)
. (C.17)

Here ρ is the instanton radius, x0 its center, while Ω parametrizes the in-

stanton color orientation in SU(N). Furthermore, MUV is the ultraviolet

(Pauli-Villars) cut-off, g2
0 and madj are the gauge coupling and the gluino

mass, respectively, normalized at MUV. Supersymmetry endows the pre-

factor (C.17) with a crucial property: the bosonic and fermionic non-zero

f For a review see Refs. [24,115]. Note that here we limit ourselves to one and two loops.
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modes completely cancel each other since the instanton background field

conserves two out of four supercharges. As usual, the zero modes are

special. The fermion zero modes are represented in Eq. (C.17) by mN
adj,

while the boson ones by (g2
0)

−2N . The prefactor (C.17) is renormalization-

group invariant (RGI). This means that a concerted variation of MUV and

g2
0 must leave it intact. For what follows we also need to know that the

renormalization-group running of madj coincides with that of g2. Differen-

tiating Eq. (C.17) with respect to lnMUV, equating the result to zero, and

recalling that ∂α0/∂ lnMUV = β(α0), we arrive at the NSVZ β function.

It is quite obvious that ignoring the zero modes (i.e. mN
adj (g

2
0)−2N ) in the

instanton prefactor would result in the vanishing of β1 and higher coefficients

of the β function. Thus, in the instanton derivation, the non-vanishing β1

in SUSY gluodynamics is a manifestation of the zero-mode effect. From the

perturbative calculation side, the very same result emerges as an anomaly

[109–111].

Now, what changes if we pass to a daughter theory belonging to the

class (C.1)? Let us first examine examples, and then we will build from

them a general formula.

N2- QCD

Again, we introduce a small mass term mfund, one and the same for all

flavors. The running law of mfund no more coincides with that of g2 (which

was the case for SUSY gluodynamics). However, we can readily find this law

at one loop, which is sufficient for the two-loop β function. The anomalous

dimension of the relevant bifermion operator is determined by the diagrams

of Fig. 14.

Figure 14. The one-loop anomalous dimension of the bifermion operator (or the mass term). The

solid line depicts a fermion, the dashed line a gluon.

Actually, we do not have to calculate these graphs. All we have to do is

to compare the color factors, which are determined by C(R) in the corre-

sponding representation. Namely, Cadj = N and Cfund = (N/2)(1 − N−2).
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Inspecting the graphs of Fig. 14 we readily conclude that

mfund ∼
(
g2

)Cfund/N ∼
(
g2

)(1/2)(1−N−2)
, (C.18)

where ∼ means “runs as.” The running law (C.18) is valid at one loop.

Let us falsely assume that Eq. (C.18) is the only modification — in this

way we ignore the non-zero mode contribution due to the absence of can-

cellation, that was inherent in SUSY gluodynamics, in non-supersymmetric

daughters. At one loop the cancellation will still be operative; the condition

Teff = N/2 takes care of this. At the two-loop level the non-zero modes do

contribute. By focusing on the zero-mode-related part of the β function, we

will separate the Wilsonian and anomaly-related parts in β1.

The zero-mode-induced instanton prefactor in N 2-QCD is

M3N
UV mN

fund

(
1

g2
0

)2N

exp

(
−8π2

g2
0

)

∼ M3N
UV

(
g2

)2Tfund Cfund/N
(

1

g2
0

)2N

exp

(
−8π2

g2
0

)
, (C.19)

where we used the fact that the power of mfund is in fact 2T (cf. Eq. (C.17)).

Performing the same procedure as in SUSY gluodynamics (RGI!), we would

get a “zero-mode-β” at two loops

zero-mode-β = −3Nα2

2π

[
1 +

α

2π

(
2N − 2

N
CT

)]
. (C.20)

This result implies, in turn, that

(β1)anom = (β1)SYM − 6∆(CT ) , (C.21)

where

∆(CT ) ≡ (CT )fund − (CT )SYM . (C.22)

Orienti/2f

In addition to mfund, we introduce a small mass term mA for the two-index

antisymmetric Dirac spinor that is present in the theory at hand. Given

the corresponding value of C(R) and the anomalous dimension it entails

(through the diagrams of Fig. 14) we arrive at the conclusion

mA ∼
(
g2

)CA/N ∼
(
g2

)d
, d ≡ (N − 2)(N + 1)

N2
. (C.23)
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The zero-mode instanton prefactor takes the form

M3N
UV mN−2

A m2
fund

(
1

g2
0

)2N

exp

(
−8π2

g2
0

)

∼ M3N
UV

(
g2

)2TACA/N m2
fund

(
1

g2
0

)2N

exp

(
−8π2

g2
0

)
. (C.24)

Exploiting the RGI property of Eq. (C.24) we readily obtain the orienti/2f

“zero-mode-β,”

zero-mode-β = −3Nα2

2π

[
1 +

α

2π

(
N + 2 − 3

N2

)]
, (C.25)

which leads to exactly the same formula as in Eq. (C.20),

(β1)anom = (β1)SYM − 6∆(CT ) , (C.26)

with

∆(CT ) ≡
∑

A, fund

C(R)T (R) − (CT )SYM . (C.27)

Master formulae

Summarizing our considerations, we will make here a general statement that

is valid for any daughter theory with Teff = N/2. In any theory satisfying

the above condition the total second coefficient of the β function is

(β1)D = (β1)SYM − 2∆(CT ) , (C.28)

where D stands for daughter, while the Wilsonian part

(β1 Wilsonian)D = 4∆(CT ) . (C.29)

Here

∆(CT ) =
∑

R

C(R)T (R)D − CTSYM . (C.30)

In the N 2-QCD and orienti/2f models

∆(CT ) =

{
−N2

4 − 1
4 ,

−N + 3
2N ,

(C.31)

respectively.
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