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Abstract

The kaon-nucleon interaction in nuclear matter is considered by taking into account tree graphs,
p-wave interaction, pionic intermediate states, kaon fluctuations and some residual interaction.
The latter one is constrained by Adler’s consistency condition. The K=, K+, K°, K® polarization
operators are calculated in cold nuclear matter with arbitrary isotopic composition. An extra s-wave
repulsion is found, which probably shifts the critical point of a K~ condensation with vanishing
kaon momentum to large nucleon densities. Oppositely, an extra p-wave attraction is obtained,
which may lead to a K~ condensation at vanishing temperatures and densities p > p; ~(4-6) po.
The spectrum of the kaonic excitations in nuclear matter is analyzed and a new low-lying branch
in the K~ (and also K°) spectrum is found. Its presence may lead to interesting observable
consequences, such as the enhancement of the K™ yields in heavy-ion reactions. At p > p; the
frequency of this low-lying branch becomes negative at non-vanishing momentum; that signals the
onset of a new type inhomogeneous K~ condensation. The K~ condensate energy is calculated
in the approximation of a small KX coupling constant. Accordingly, neutron star matter may
undergo a first-order phase transition to proton matter with K~ condensate at p > p; due to p-
wave interaction. The temperature dependence of the most important terms of the K~ polarization
operator is discussed. In a rather wide temperature region 0 < 7 < m,, a growing temperature
enlarges the K~ N attraction and promotes the kaon condensation. The possibility of p-wave K°
condensation is also considered. The question is qualitatively discussed whether proton matter
with K~ condensate or neutron matter with K° condensate is energetically more favorable.
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1. Introduction

Possible manifestations of in-medium effects in nuclear reactions are under intensive
investigations in the last two decades. After focusing on the properties of pion-like
excitations in nuclei and in neutron stars and in the course of heavy-ion collisions (for
reviews see Refs. [1-4]) one now turns to the properties of strangeness in a nuclear
environment [5]. The growing body of experimental information does certainly inspire
the future efforts in this field.

First, there exist experimental data on the K*-nucleon and K*-nucleus scattering and
on kaonic atoms, from which one extracts the information about the optical potential
of K~ in atomic nuclei [6-10]. We mention here also the empirical data on the en-
hancement of the cross sections of K+ mesons scattered off carbon and calcium nuclei
in comparison with those on nucleons, which indicate certain in-medium effects [11].

Second, the yields of K+, K~ mesons have been measured in some nucleus-nucleus
collisions for a wide range of energies [12,13]. In order to describe the kaon production
in the collisions of nuclei it is required to know, how kaons interact with excited nuclear
matter. The K* mesons probe different stages of the collision, e.g. the K* mesons have
a rather long mean free path and carry the information about an earlier stage of the
collision, whereas the K~ mesons with shorter interaction length probe somewhat later
stages.

Third, on the theoretical side the interest in a possible connection between the low-
energy sector of QCD and the phenomenological theory of strong interaction results in
the development of improved effective theories, which are widely related to the chiral
symmetry. One of the interesting properties of chiral lagrangians is the hypothesis of
the universal in-medium scaling of hadron masses [14]. Among the topics of hadrons
in dense and hot nuclear matter [15] the investigation of the kaon properties can be
considered as intriguing test of our knowledge on strangeness degrees of freedom in
the strongly interacting many-body system. The opinion has been put forward that at
a density several times larger than the nuclear saturation density, pp ~0.17 fm~3, an
s-wave K~ condensation might happen [16-22]. Such a phenomenon would lead to
interesting consequences also in the physics of neutron stars [18,19]. Related effects
are the decrease of the mass limit of neutron stars (due to the softening of the equation
of state), and a possible phase transition of the star interior to a superdense state (which
may result in a star quake, or a blowing-off phenomenon with an extra neutrino burst),
and a rapid neutrino cooling of stars with kaon-condensed cores (see Ref. [23]).

To date the KN interaction in nuclear matter has been considered mainly in relation
to the K~ condensation. This problem has been tackled first by Kaplan and Nelson,
who use for this aim a SU(3) xSU(3) model lagrangian. In Ref. [16] and in the
subsequent more detailed investigations [17,18,20,24] only the s-wave terms of the KN
interaction are included into consideration. Within the chiral-symmetric tree expansion
it is shown that the s-wave interaction is attractive and grows with increasing nucleon
density. Hence, it is argued that at the density p > p. ~(3-4)p, a K~ condensate
appears. The role of the p-wave KN interaction is discussed in Refs. [21,22], where it
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also has been concluded that K~ condensation arises due to the s-wave attraction, and
only at appreciably larger density a X~ condensate with non-zero momentum may set in.
However, in recent works [25] it has been shown that the results for K~ condensation
vary markedly, depending on whether one uses chiral perturbation theory or the current
algebra plus PCAC. The resolution of the existing discrepancy requires a knowledge of
terms in the lagrangian that are higher order in density than hitherto considered. This
stimulates further investigations with the hope to extract some additional important terms
of the kaon polarization operator from an initial lagrangian which satisfy explicitly the
low energy theorems.

In the present paper we consider the problem of KN interaction in nuclear matter and
calculate the K~ polarization operator. Our main point is the p-wave KN interaction.
Instead of anticipating an involved calculation in an attempt to extract all the important
diagrams in a microscopical approach from a unique initial lagrangian (which up to now
cannot be done unambiguously) we are going to utilize a phenomenological scheme:
Using the previously elaborated s-wave part of the kaon polarization operator, which is
fitted to on-shell data in Refs. [ 18,20], we include explicitly the new diagrams, which
regard to pion intermediate states and kaon selfinteraction and AN~!, SN~! loops.
These diagrams provide important additional contributions. Also we include a residual
interaction to satisfy the Adler condition at an off-shell point, but we preserve still the
mentioned on-shell data fit.

Due to this an additional repulsion arises in the s-wave part of the off-shell K~
polarization operator, and the zero-momentum K~ condensation probably does not occur
up to rather high nucleon density. On the contrary we show that, in spite of some
uncertainties in the s-wave description, the X~ condensation is likely to be retained
due to the p-wave K~ N attraction and appears in an inhomogeneous state with finite
momentum at densities as large as p; ~ (4 — 6)pp (at vanishing temperature). We
also argue that at approximately the same densities a condensation of K° mesons may
appear. (Such a possibility was mentioned in Ref. [26] but has not been considered
further in sufficient detail.) Different mechanisms of these two types of condensation
are discussed. The K° mesons may condense due to the direct reactions n — n + K°,
which are possible in neutron matter, whereas p-wave K~ condensation arises via some
fluctuation mechanism, when proton-enriched germs of an overcritical size begin to grow
due to n — p + K~ reactions occurring nearby their surface.

Thus we argue for a rather strong p-wave attraction. We also show that due to this
p-wave interaction a new low-lying branch of excitations associated with A N~! appears
in the spectrum of K~ mesons. The presence of this additional branch may substantially
affect the properties of K~ mesons in a nuclear medium as well as the kaon yields in
nucleus—nucleus collisions.

As a result new peculiarities in the KN interaction may lead to interesting conse-
quences in the description of K-nucleus scattering, kaon production in nucleus—nucleus
collisions and the neutron star structure.

Our paper is organized as follows. In Section 2 we calculate the p-wave part of the
K~ polarization operator. The Ap, 3°p and 3~ # intermediate states are considered.
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In Section 3 we calculate the regular part of the K~ polarization operator. Besides
the previously discussed graphs, which are obtained in the tree expansion of a chiral
lagrangian, we consider contributions from Ap, 3°p, 377 loops at vanishing kaon
momentum k = 0 and frequency @ = 0 and also the extra contributions from the pionic
intermediate states and from the proper kaon fluctuations. The residual interaction in
the K~ polarization operator is fixed by making use of Adler’s consistency condition.
We extend this analysis then to the K+, K%, K° polarization operators. In Section 4
we obtain the kaon spectrum in nucleonic matter. The appearance of the extra low-
lying branch in the K~ spectrum is discussed in some detail. Also we discuss possible
kaon instabilities. In Section S we calculate the K~ condensate energy and find the
critical density of the K~ p-wave condensate formation. Section 6 is devoted to the
discussion of finite temperature effects. In Section 7 we consider the possibility of the K°
condensation and rise the question which phase of dense nuclear matter is energetically
more favorable, e.g., proton matter with K~ condensate or neutron matter with K°
condensate. In Section 8 we draw our conclusions and discuss some perspectives.

2. P-wave part of the kaon polarization operator

Let us start with the consideration of the K~ mesons. The system X~ meson-nucleon
has the strangeness S = —1. Hence, the intermediate states of K~ N — K~ N scattering
can consist only of the particles with the same strangeness § = —1, ie., 4, %, A*, 3*
etc. We restrict ourselves to the consideration of the lightest of them since just these
intermediate states correspond to the most sensitive dependence of the kaon polarization
operator on frequency and momentum in the region of frequencies |w| < mg and
momenta k < my, which are of interest here (mgx ~ 3.5m,, my =~ 6.7m,. are the kaon
and nucleon masses, respectively). By this reason we do not introduce the form factors
in the vertices, which are important at somewhat larger frequencies and momenta. Some
graphs, which depend somewhat more smoothly on frequency and momentum, are also
presented in explicit form, whereas the residual part of the kaon polarization operator
is extracted from the experimental data as well as from the current algebra relations.
Such an approach to fix the polarization operator has been used in the case of pions in
Ref. [3].

The terms of the lagrangian corresponding to the p-wave interaction

Lxna = funaAy*ys(3,K")N, (1)

Lxns = frne 2Y*ys(9uK ) 1o N (2)

are quite similar to those of 7NN interaction. Here N, A, X are the bispinors of nucleons,
lambda and sigma particles, respectively. KT = (K™, K®) is the isotopic spinor of kaons,
. denote the Dirac matrices and 7@ are the Pauli matrices. The values of the coupling
constants are determined in Ref. [9] by fitting the hyperon-nucleon scattering within
the Bonn boson-exchange model performed by the Jiilich group as
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fKNA ~ —1.17/m,,,, fKN);%O.ZZ/m,,, (3)

which are comparable to those obtained in the framework of a SU(3)xSU(3) model
[22]

chir '~ —0.88/my, fours x0.26/m,. (4)
Below in numerical applications we use the values of coupling constants given in

Eq. (3).
The amplitude of the p-wave KN scattering is determined by the following graphs

(5)

which directly correspond to following terms of the K~ polarization operator
A »° ¥
ST TN RN
H—.P — + —I—- (6)
p p n

Here it is assumed that there are only Fermi seas of neutrons and protons and no Fermi
seas of strange particles. The line “——" corresponds to the nucleon quasi-hole (p or 7)
and the double line “==" denotes the strange baryons. The hatched vertices should be
calculated by taking into account the in-medium baryon-baryon correlations. In principle
this can be done in an analogous way as for pions [3]. However because of the lack of
empirical data and without detailed analyses one can say very little not only about the
numerical values of the correlation factors, but also even about their sign. Therefore we
shall not consider this correlation factors in the present work and postpone their study,
bearing in mind that they might have an influence on the final results as they are found
for pions [1-3].

An explicit form of the polarization operator (6) can be simply obtained in the non-
relativistic limit of the expressions (1), (2), which is applicable for frequencies and
momenta of interest |w|, k < my. Then in direct analogy to the 77— meson case [3] we
get

AKTN f]z(NA(),‘)(mA(Z) +mn) kk
A(2) —

2
§ T Mhs

. D\ Firgs Kk k t
~ L4 ma Sknacs) _&)A(E)___p____, (N
2 mn @ mN - 2mN
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where s = (p + ¢)? and p is the 4-momentum of nucleon and g = (w,k); my, ms
denote the masses of the strange baryons, and k and k are the momenta of the K~
meson before and after scattering, respectively,

1=k — o = —¢,

" WAY

WA(Z) =MA(E) — MN.

Here and in the following we neglect the finite widths of hyperons, i.e. suggesting the
validity of the quasi-particle approximation. The generalization is straightforward.
The K~ polarization operator is defined as follows

_ _ 2d° - - -
myt 4yt = / (27r§’3 (nP(p)Af P P (p)AKTP + m (py AK” ) (8)

where nP(p),n"(p) are the occupation numbers of protons and neutrons, respectively.
By inserting the expression for the scattering ampllitude (7) into Eq. (8) and by
integrating over the phase space we obtain for |k| = |k |

- 3 my kk
n;f=—-(1+=2) 2, —— , 9
A 4 ( +mN)fKNAibA(t)pp¢Ap(w’k) ( )
where
() [ =Ko,  a+ ko,
()] k) = 1 = — ak 10
wl@ B =5 { 2 Ca—kup, PP (19

is the A particle-proton-hole Lindhard function with
2
a=w— @,(t), @p(t) =@p+ 5 —

2mN
(vrp = prp/mn is the Fermi velocity of protons, p, = vp stands for the proton density).
The expression for HE’P can be obtained from Eq. (9) by the replacement
A— 3, 2P ap — ppP3p + 200D 50, (11)

where p, = (1 — »)p is the neutron density.

In order to derive a simple analytical representation of the polarization operator we
use the expansion of the Lindhard functions at |a| > kv, i.e., at k < |@ — @ ¢5)|mnp; "
Then we can write

@ 4(5)(1)

d),l(;)(w,k) ~ — . (12)
wA(;;) — W
Thereby we have
_ Aokk'
P~ 202F P 4~ im,, (13)

w— @) po’
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_ Bokk' (2-») p

m;f ~ = , B, ~ 0.1m,, (14)
: w—as(t) po °

where we have also used that ¢ ~ k* in the approximation & > w.

As we can see from Eqgs. (13), (14) the term |H§’P| is, as a rule, much smaller than
|17;°F| and can be neglected, except in only some very specific case when @ —@5(1)| <
M. At ¥ — 0, one has |IT3°7| > |17°F|, however, |/75°F| remains much smaller than
the s-wave part of the polarization operator.

Above we use the non-relativistic limit for the vertices (1,2). Going beyond this
approximation and taking into account the minimal relativistic corrections with respect
to the parameters w/myn < 1, k/mn < 1, which accounts for the nucleon recoil, instead
of Egs. (13), (14) we now find

’ 2 A -
P~ {A"("k ) + Arwda(t) +A2w} V—;i, (15)
0

w — @(1)
where
AL~ 1.1m,, A >~ 0.Tm,,,

and

Bo(kk' — w?) + Bwé
iyt o { Bk — @)+ Biwds(D) L p ooy L, (16)
w—dz(t) Po
where
B, ~0.04m,, By~ 0.03m,.

The polarization operator of the X* meson can be found from the polarization operator
of the K~ meson by the replacements @ — —w, kK — —k; it corresponds to the
consideration of the u-channel amplitude of the K* N scattering

instead of the s-channel amplitudes (5) for the K~ N scattering. Following the sug-
gested approach we can also derive the polarization operator of K° and R® mesons. In
comparing the K~ N scattering amplitude (5) with the amplitude of the K°N — KON
process given by the graphs
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n n P p

we conclude that the polarization operator of K° mesons can be obtained from the
K~ polarization operator by the replacement » — 1 — ». In order to obtain the K°-
polarization operator we have additionally to replace @ — —w and k — —k.

3. The regular part of the K~ meson polarization operator
3.1. Tree approximation

In Ref. [20] the s-wave part of the K~ meson polarization operator is extracted from
the expansion of a chiral lagrangian. For this aim the Weinberg counting rule [27]
has been used. According to the latter one an amplitude, involving the number Ex of
external nucleon lines and Ex external kaon lines, is characterized by the factor Q7
in the amplitude, where Q is the characteristic small momentum scale involved in the
process and

17=2+2£—%EN+Z(di+%ni‘2)- (17)
i

where £ is the number of the loops. Here the sum over i goes over all vertices, d; is
the number of derivatives acting on the ith vertex; and n; is the number of nucleon
lines attached to the ith vertex. In the absence of external fields, the chiral symmetry
constrains

P,-Ed,-—%—%n,-—220. (18)

In the application to the KN scattering one sees that the leading term in this counting
is given by £ = 0 and P; = 0. This is satisfied for a vertex with d; =1 and n; =2 and the
amplitude has the index # = 1. In the next order, one has £ =0 and one P; = 1 vertex
with index # = 2. In Ref. [20] the chiral expansion was restricted by the contributions
up to ¥ = 2, and hence no loops were considered.

The tree terms of the lagrangian corresponding to # =1 and 7 = 2 are equal to

Lo = *é}if—z 3(Ny“N) (K 3, K) + (N7y*N) (K7 3, K)] : (19)
Lo = %(NN)(I‘(K) + %(M—N)(i(ﬂ()
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D _ _ D .
+—(NN)(3,K3*K) + — (NTN) (8,KT9*K), (20)
f? f?
where
N'=(p.m), Ko,K=Kd,K+Ka,K

and f is assumed to be equal to the pion decay constant f, ~ 93 MeV. 7 denotes
Pauli’s isospin matrix, Sky is the so-called sigma term, and C, D, D' are some con-
stants calculated by taking into account experimental information. In the limit k — 0
Egs. (19), (20) recover those obtained in Ref. [20]. For the regular part of the polar-
ization operator of K~ one finds from Eqgs. (19), (20)

Y ~7

D

I"8(£=0) = — l—D ;,2 +2v3] p(® — kk') - 22 Ll

2Pl pp (21)

I
In the limit k — 0 Eq. (21) approaches to the s-wave part of the polarization operator
IT~. The numerical values of the quantities D, D', Sxn can vary in rather wide limits.
The range of their variation has been evaluated in Ref. [20] by some theoretical argu-
ments and the experimental data on the K™ N scattering length. Unfortunately, scarcity
of experimental information does not allow to define /77* completely and the probabil-
ity of kaon condensation depends sensitively on the numerical value of the sigma term.
The latter one has to be determined by taking into account the modifications of kaonic
excitations in nuclear matter [28]. In Ref. [20] the following choice of parameters is
proposed as the most probable one

D ~0.33/mx — Skn/mi, D ~0.16/mg — C/m}, (22)
Skn = 2my, C ~ —0.06mg, mp~2mg.
Inserting the numerical values of these parameters into Eq. (21), we obtain
17" (noloops) ~ —2.3m2 2 — 0.57m,(1 + v) 02
Po Po

—(0.150 — 0.15) (w? — kk ) 2. (23)
Po
In Ref. [24] a somewhat different fit of the s-wave part to the K*N scattering data
is performed with taking into account the A(1405) intermediate state and some loop
corrections.
Our main aim here is to demonstrate the new qualitative particularities, but not to
refit precisely the experimental data. Therefore in the description of regular part of
polarization operator we shall restrict ourselves to the choice of the parameters (22).

3.2. The contributions of (Alp~'), (2°|p~!), (3~|n~!) loops

The p-wave part of the K~ polarization operator from Egs. (15), (16), calculated
via relativistic vertices (1,2), consists of a term which does not vanish in the limit
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k — 0, w — myg. The absolute value of this on-shell term can be even larger than
the contribution of the s-wave part given by Eq. (21), and the former one has a quite
different off-shell frequency dependence. In accordance with the parameter choice (22),
fitted to the KN scattering data at @ — mg and k — 0, we have to perform the
subtraction of the on-shell p-wave part at k — 0. It results in an extra contribution
which must be added to the regular part of the K~ polarization operator 117", ie.,

Agmk — Aymg @ 4(t = —m},
SH— = { oMk {mKwA( 2 mK) ——Ame}V—p—
mg — @4(t=—mg) PO
+ {Bomﬁ — Bimgas(t = -mlz()

mg — @3(t=—mk)

- Bme} 2-nt
)
~ (1.4v +02)m2 £ (24)
Po
Therefore at w = my, k = 0 we have in agreement with Eqgs. (21), (22)
I~F (mg, k=0) + 80 *(mg,k=0) =0.
3.3. The contribution of the pionic intermediate states

The K7 interaction is described by the lagrangian
‘CXK"IF = gKK“'n'K*'uT {Kaﬂ’n' — ﬂa’u_K} ) (25)

where the value of the coupling constant is [8]

8KK*

N/

Taking into account the vertex (25) leads to the appearance of extra terms /7., which
are represented graphically by

~ 0.86. (26)

o —

T T
Wm'\/\/‘ + M/M/\f (27)
K K*e

in the polarization operator. Here the dashed line corresponds to heavy mesons
(K*°,K*~) in the intermediate states (mg- ~ 6.4m,) and the solid zig-zag line is
related to the exact Green function D, (w, k) of the pion in nuclear matter. They are
in some analogy to the contribution of the pion fluctuations to the pionic polarization
operator [29,30]. Such contributions become important at non-zero temperatures near
the critical point of pion condensation. Their influence on the properties of p, @ mesons
in dense nuclear matter has been recently investigated in Ref. [31].

The pionic degree of freedom softens at densities p 2 pc; ~(0.5-0.7) po according
to many theoretical studies [3,4]. Indeed, the quantity &2 = —D, "(w =0, k), which
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plays the role of an effective pionic gap, gets a minimum at momentum k = ko, # 0,
p = pea. At the density p > per =~ (2-4)po the value &2 (kor(p)) becomes small
(it would even vanish without taking into account the pion fluctuations); this points to
the possibility of pion condensation which can set in by a first-order phase transition
[32]. A typical density dependence of the effective pionic gap @2 (kon(p)) is shown
in Fig. B.1. in Ref. [4].

The graphs displayed in (27) can be easily calculated in the limit of rather strong
softening of the pion mode. Here we should only include that contribution, which
consists of the value @, (ko) characterizing the closeness to the critical point of the 77
condensation. The regular part of the graphs is contained in the parameters of /7° fitted
to the empirical data.

Assuming p > pei, |@| € my, k < my, kK =~ ko ~ pr, @* (ko) < m% we have

— DN k) > @2 (koy) + —a- (K% — k)2 — iBn (K ), (28)

I
4k3,
where the quantities y, ~ 1, i/B,,(k,) = — (01, /dw)|w=o are defined as in Refs. [3,29]
and retarded Green functions are used.
At small frequencies @ and momenta k the Green function of K* mesons can be
presented in the simple form
1 1

N s (29)

Gi- = o~
T w—w) —mp — (k—K) mi.

since the integration over intermediate states in Eq. (27) is characterized by w ~
@r(kor) K mi, k ~ |k — k/| ~ kom < my. Taking this fact into account we can see
that the expression for /7. differs from the fluctuation term of the pionic polarization
operator [3,29] only in the coefficients. Making use of the Egs. (28), (29), from
Egs. (25), (27) we obtain

Zhi- (07 — Kk — k)

2
my.

. (0, k) = (30)

d3k,/idwll "ooon oo
X/W[ZDﬂ—(p,w ,k )+'D,,n(p,w ,k )

—2D,—(per, @ k') = Dy (per, @,k )16(p ~ per)
_ Shxen(@? = kK — ;)

> (24, + Ap),
mk.

where 8(p — pc1) =1 at p > p; and 0 at p < pcr, and

d3kuidw// o .
tr= [ S5 {Pr(p6” ) = Drtpa KD O~ b

Then, using the results of Ref. [30], we have

Ay =~ =G5 —my)0(p — pcr), (31)
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with C; ~ 0.1m,. Inserting Eq. (31) into (30) and assuming that D,0 ~ D, - we get
the estimate

Oy (w, k) = g(e? — kk —k2,), (32)
with

2
8= 3&114# = _3g_K’2(lT‘C2(5’Tr —mgz)0(p— pcr).
my- M.

Thus the contribution of the graphs (27) with pionic intermediate states corresponds
effectively to some attraction at small frequencies. Quantitative estimates at k — 0
@ — 0 show that this contribution is rather small and can be neglected. This result
is analogous to that for pion fluctuations at zero temperature [32]. Namely, quantum
fluctuations are small, however, thermal fluctuations can be important at least near
the critical point of the 7r-condensate phase transition [29,30]. We will return to this
question in Section 6.

3.4. The proper kaonic fluctuations

Kaon-kaon interaction is described by the following lagrangian
£=_§(1‘<K)2, (33)

where A ~ mi /6% is the vacuum coupling constant of KK interaction. This vertex
produces a fluctuation term in the polarization operator, which can be displayed as

fluct = ’ (34)

where the fat point is related to the kaon-kaon interaction corrected by the in-medium
effects.

The contribution (34) can be calculated in the same way as it has been done for
pions [29,30]. It is determined by Eq. (31) with the only difference that at p > p
the value D, should be replaced by the corresponding kaon value at that density where
the minimum at k¥ # O arises in the effective kaon gap. The main effect of the graph
(34) is that the kaon condensation with & # O sets in as a first-order phase transition.
At vanishing temperature the contribution of quantum fluctuations is rather small and
can be neglected, whereas the thermal fluctuations are important at least near the critical
point of the K condensation phase transition.

3.5. The residual off-shell interaction and the consistency condition of Adler

It is easy to see from Eqgs. (13), (14), (21), (24), (32), (34), that the polarization
operator of K~ mesons at k — Q differs from that given by Eq. (23) in Ref. [20] due






