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ANOMALY CANCELLATIONS ON LOWER-DIMENSIONAL
HYPERSURFACES BY INFLOW FROM THE BULK

ADEL BILAL

Laboratoire de Physique Théorique, Ecole Normale Supérieure
CNRS
24 rue Lhomond, 75281 Paris Cedex 05, France

Lower-dimensional (hyper)surfaces that can carry gauge or gauge/gravitational anoma-
lies occur in many areas of physics: one-plus-one-dimensional boundaries or two-
dimensional defect surfaces in condensed matter systems, four-dimensional brane-worlds
in higher-dimensional cosmologies or various branes and orbifold planes in string or M-
theory. In all cases we may have (quantum) anomalies localized on these hypersurfaces
that are only cancelled by “anomaly inflow” from certain topological interactions in the
bulk. Proper cancellation between these anomaly contributions of different origin re-
quires a careful treatment of factors and signs. We review in some detail how these
contributions occur and discuss applications in condensed matter (Quantum Hall Effect)
and M-theory (five-branes and orbifold planes).
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This work is dedicated to the memory of my friend and collaborator Ian
Kogan. His interest in physics spanned almost all of theoretical physics. I
hope the present contribution goes a little bit in this direction.

1. Introduction

Quantum field theories involving chiral fields coupled to gauge fields and/or
gravity may have anomalies. These anomalies are a breakdown of gauge,
or local Lorentz or diffeomorphism invariance respectively, at the one-loop
level. More specifically, the (one-loop) quantum effective action lacks these
invariances necessary for renormalizability and unitarity. In a consistent the-
ory all these anomalies must cancel.? Absence of anomalies has been much
used as a criterion for models in high energy physics, from the prediction of
the charmed quark [1] to the choice of gauge group of the superstring [2].

Pure gravitational anomalies can only occur in 2,6, 10,... dimensions
while gauge or mixed gauge-gravitational anomalies are possible in all even
dimensions [3]. On the other hand, quantum field theories in odd dimen-
sions cannot be anomalous. Nevertheless, there are many interesting odd-
dimensional theories that possess even-dimensional hypersurfaces with chiral
matter localized on these surfaces. Typically the chirality originates either
from an orbifold-like projection, or it is the property of a given solution
(gravity background) with the corresponding “anti-solution” having oppo-
site chirality.

Standard examples in eleven-dimensional M-theory [4] are the ten-
dimensional orbifold planes arising from the Zs-projection in the Horava—
Witten realization of the Eg x Eg heterotic string [5] and the (six-
dimensional) five-brane carrying a chiral tensor multiplet, while the anti five-
brane carries the same multiplet but of opposite chirality [6]. One could also
mention the G2 compactifications with conical singularities treated as bound-
aries of the eleven-dimensional space-time [7]. Other examples are 3 + 1-
dimensional brane-world cosmologies with chiral matter in a 5-dimensional
supergravity theory. A well-known example in condensed matter is the treat-
ment of the 1 + 1-dimensional chiral edge currents in the 2 4+ 1-dimensional
Quantum Hall Effect [8]. One might also consider chiral vortices, again in
2 4+ 1 dimensions, or two-dimensional defect surfaces in three-dimensional
(Euclidean) systems.

Typically, these even-dimensional chiral “subsystems” possess one-loop

& Of course, anomalies of global symmetries need not cancel and may even be welcome as they
allow transitions otherwise forbidden by the symmetry.
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anomalies. This does not contradict the fact that the original odd-dimen-
sional theory is anomaly-free. Consider for example the effective action of
eleven-dimensional M-theory. When computing the functional integral one
has to sum the contributions of five-branes and of anti-five-branes and, of
course, the anomalous contributions, being opposite, cancel. However, we
rather like to think of M-theory within a given background with some five-
branes in certain places and anti five-branes in others, maybe far away, and
require local anomaly cancellation, i.e. on each (anti) five-brane separately,
rather than just global cancellation. Remarkably, such local cancellation is
indeed achieved by a so-called “anomaly inflow” from the bulk; M-theory has
eleven-dimensional Chern—Simons like terms that are invariant in the bulk
but have a anomalous variations on five-branes or on boundaries, precisely
cancelling the one-loop anomalies locally [9,10].

In this paper we will explain in some generality such anomaly inflow from
the bulk and how it can and does cancel the gauge and gravitational anoma-
lies on the even-dimensional hypersurfaces. We will discuss why anomaly
inflow always originates from topological terms (in odd dimensions). Usu-
ally, when discussing anomaly cancellation between different chiral fields one
need not be very careful about overall common factors. Here, however, we
want to consider cancellations between anomaly contributions of very dif-
ferent origin and special attention has to be paid to all factors and signs
(see [4]). To this end, we also discuss in some detail the continuation be-
tween Fuclidean and Minkowski signature, which again sheds some new light
on why it must be the topological terms that lead to anomaly inflow.

In the next section, we begin by a general discussion of anomalies and
anomaly inflow from the bulk, spending some time and space on the sub-
tle continuation between Euclidean and Minkowski signature. Part of this
section is just a recollection of standard results on one-loop anomalies [11]
with special attention to conventions and signs. We explain how anomaly
inflow uses the descent equations and why it necessarily originates from a
manifold of higher dimension than the one on which the anomalous theory
lives. Section 3 describes an elementary application to the (integer) Quan-
tum Hall Effect where the effective bulk theory is a Chern—Simons theory
and the boundary degrees of freedom are the chiral edge currents; anomaly
cancellation by inflow from the bulk correctly explains the quantized Hall
conductance. In Section 4, we describe two examples of anomaly cancella-
tion by inflow in M-theory in quite some detail: on five-branes and on the
Zs-orbifold planes. For the five-branes, in order to get all signs and coeffi-
cients consistent, we rederive everything from scratch: the solution itself, the
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modified Bianchi identity, the zero-modes and their chirality, the one-loop
anomaly and the FHMM [10] mechanism for the inflow. For the orbifold
planes we insist on the correct normalization of the Bianchi identity and de-
scribe the modification of the Chern—Simons term obtained in [4] necessary
to get the correct inflow. Finally, in Section 5, we briefly mention analogous
cancellations in brane-world scenarios.

2. One-Loop Anomalies and Anomaly Inflow
2.1. Conventions

We begin by carefully defining our conventions. They are the same as in [4].
In Minkowskian space we always use signature (—,+,...,+) and label the
coordinates z#, u = 0,... D—1. We always choose a right-handed coordinate
system such that

/\/\g| da:o/\dxl/\.../\de1:+/\/|g] APz >0. (2.1)

(With 2° being time and for even D, this is a non-trivial statement. In

0 1 D

particular, for even D, if we relabelled time as 2° — z” then z!,...x

would be a left-handed coordinate system!) We define the e-tensor as

1
_ 01..(D—1) _ _
€o1.(p-1) = TVIgl & ¢ = Ja (2.2)
9]
Then
dzHt AL AdatP = —etrio | flgl AP (2.3)
A p-form w and its components are related as
1
w = H Wyy ooy APt Ao A P (2.4)
and its dual is
1 H1---Hp
W= ——— dxtrtt AL A daPP . 2.5
w p!(D _ p)! Wpy..pp € ppt+1--pp AT Z ( )

We have *(*w) = (—)P(P=P)+1 and

1
wAFw= mem“p whttr \[lgl AP . (2.6)

Finally we note that the components of the (p + 1)-form £ = dw are given
by

s eciprr = P+ 1) Oy Wpip 1) (2.7)
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(where the brackets denote anti-symmetrization with total weight one) and
that the divergence of a p-form is expressed as

_\Dp-1)+1
g, _ )

(p—1)!

We define the curvature 2-form R = %Rab v dz¥ A dx? in terms of the
spin-connection w® as R® = dw® + w? Aw®. Here a,b,c =0,...D —1 are
“flat” indices, related to the “curved” ones by the D-bein ej;. The torsion is
T = de® —Huab/\eb. The Riemann tensor R*” ., is related to the curvature 2-
form via R%® = eﬁegR” ? o, and the Ricci tensor is R, = R*”,,, while the
Ricci scalar R is given by R = R" ,. With this sign convention, (space-like)
spheres have R > 0.

For gauge theory, the gauge fields, field strength and gauge variation are
given by

Vi .y Az A A datPTt (2.8)

A=Ay det, A=A, (A==,
F=dA+A’=dA+ANA, ,A=Dv=dv+[Av]. (2.9)

Thus F' is anti-hermitian and differs by an ¢ from a hermitian field strength
used by certain authors.” For gravity, one considers the spin connection w?
as an SO(2n)-matrix valued 1-form. Similarly, the parameters €, of local
Lorentz transformations (with ¢® = —e*®) are considered as an SO(2n)-
matrix. Then

R=dw+w?, 6e=—e%e’, dw=De=de+ [w,e]. (2.10)
For spin—% fermions the relevant Dirac operator is (EY is the inverse 2n-bein)

1

ch,u70d> , 7= 5l < 9. (2.11)

1

D= EX~° <8M + A, + 1

2.2. Continuation Between Minkowski and FEuclidean
Signature

We now turn to the continuation to Euclidean signature. While the
Minkowskian functional integral contains e*™, the Euclidean one contains
e~e. This implies

Su=iSg , %= —ix}. (2.12)

b For U(1)-gauge theories, the usual definition of the covariant derivative is 9y, + ig.A,, with ¢
being the charge, and hence A ~ igA and F ~ iqF where F = dA.
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However, for a Euclidean manifold Mp it is natural to index the coordinates
from 1 to D, not from 0 to D — 1. One could, of course, simply write iz" =
x% = a:]g. The problem then is for even D = 2n that deE/\d:z;1 A...dz?l =
—dztA. . da? I AdzE and if (2, . .. 22" 71) was a right-handed coordinate
system then (z!,...2%") is a left-handed one. This problem is solved by

shifting the indices of the coordinates as
il =ad =21, =22, ..., P71=2D. (2.13)

This is equivalent to a specific choice of an orientation on the Fuclidean
manifold Mg. In particular, we impose

/\/§dzl/\...AdzD:+/\/§dDzZO. (2.14)

Then, of course, for any tensor we similarly shift the indices, e.g. C157 = Cls
and Coz4 = i CF,5. We have Guvpe GHP7 = G;Eklm GfEklm as usual, and for a
p-form

1 1 5 _ , -
w= ﬁwm...up deft AL AN datr = ﬁwjl,__jp A2V AL AdRIP = w” L (2.15)

In particular, we have for p = D

which will be most important below. Finally, note that the Minkowski rela-
tions (2.2) and (2.3) become
Az A ANdIP = 4P fgdPr with ey = — (2.17)

V9

The dual of a p-form w® is defined as in (2.5) but using eg. It then follows
that *(*wg) = (—)?P~P) wg (with an additional minus sign with respect
to the Minkowski relation) and, as in the Minkowskian case, wg A *wg =
;%!WE...‘ wy /g dPz.

It follows from the preceding discussion that the Euclidean action is not
always real, not even its bosonic part. The original (real) Minkowskian
action can contain two types of (locally) Lorentz invariant terms, terms that
involve the metric like such as

1 1 * 1 v
Sl(v[)—z/trF/\ F_4/ter,F” Vgl dPa (2.18)
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and topological (Chern—Simons type) terms that do not involve the metric
such as (if D is odd)

5(2):/trAAFA.../\F. (2.19)

It follows from (2.12), (2.13) and (2.16) that the Euclidean continuations of
these two terms are

1 1 . 1 v
s :—Q/trFE/\ FE:—4/trF3,,Fg VgdPz (2.20)
and
S :—i/trAE/\FE/\.../\FE. (2.21)

Hence the imaginary part of the Euclidean bosonic action is given by the
topological terms. Note that from now on we will not write the wedge
products explicitly, but tr AF? will be short-hand for tr AA F A F, etc.

There is a further subtlety that needs to be settled when discussing the re-
lation between the Minkowskian and Euclidean forms of the anomalies. One
has to know how the chirality matrix ~ is continued from the Euclidean to
the Minkowskian and vice versa. This will be relevant for the 2n-dimensional
submanifolds. The continuation of the y-matrices is dictated by the contin-
uation of the coordinates we have adopted (cf (2.13)):

W=k, M=k o R = (2.22)
In accordance with Ref. [11] we define the Minkowskian and Euclidean chi-
rality matrices vy and g in 2n dimensions as

=" N =R (2.23)

Both y\ and g are hermitian. Taking into account (2.22) this leads to

™ =B (2.24)

i.e. what we call positive chirality in Minkowski space is called negative chi-
rality in Euclidean space and vice versa. This relative minus sign is some-
what unfortunate, but it is necessary to define self-dual n-forms from a pair
of positive chirality spinors, both in Minkowskian space (with our convention
for the e-tensor) and in Euclidean space (with the conventions of [11]). €

¢ Since we will take [11] as the standard reference for computing anomalies in Euclidean space, we
certainly want to use the same convention for vg. On the other hand, we have somewhat more
freedom to choose a sign convention for vy;. The definition (2.23) of vy has the further advantage
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Indeed, as is well-known, in 2n = 4k 4+ 2 dimensions, from a pair of
spinors of the same chirality one can always construct the components of an
n-form H by sandwiching n (different) y-matrices between the two spinors.
In Minkowskian space we call such an n-form HM self-dual if

1
HM =4 — € H (2.25)

M1 pin
(with e given by (2.2)) and it is obtained from 2 spinors ¢; (I = 1,2)
satisfying a1 ¢7 = +4¢7. In Euclidean space H™ is called self-dual if (cf [11])

Hf, . =+ g HE T (2.26)
(with €® given by (2.17)) and it is obtained from 2 spinors x; (I = 1,2) satis-
fying v x1 = +x1. With these conventions a self-dual n-form in Minkowski
space continues to an anti-self-dual n-form in Euclidean space, and vice
versa, consistent with the fact that positive chirality in Minkowski space
continues to negative chirality in Euclidean space. The situation is summa-
rized in Table 1 where each of the four entries corresponds to any of the 3
others.

Table 1. Correspondences between the (anti-) self-duality of
n-forms in 2n = 4k + 2 dimensions and the chirality of the corre-
sponding pair of spinors are given, as well as their Euclidean, resp.
Minkowskian continuations.

H Minkowskian ‘ Euclidean

spinors || positive chirality | negative chirality

n-form self-dual anti-self-dual

As we will recall below, the anomalies are given by topological terms
I} Mz Dﬁ”) whose continuation is simply [} 2. D(Ezn) (cf Eq.(2.16)) where
E

Dl(\in) is the anomaly expression obtained by continuation from Dgn) with

the chiralities corresponding as discussed above. One also has to remember
that the continuation of the effective action I' includes an extra factor @
according to Eq.(2.12). In conclusion, the anomaly of a positive chirality
spinor (or a self-dual n-form) in Minkowski space is given by 6Ly = |’ M2 I i

that in D = 10, yv = 71[34 ... '71%/[ which is the usual convention used in string theory [12]. Our g
also agrees with the definition of [13] in D = 2, 6 and 10 (but differs from it by a sign in D = 4
and 8).
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if in Euclidean space the anomaly of a negative chirality spinor (or an anti-

self-dual n-form) is given by éI'p = —1i f M2n 121”. This will be discussed in
E

more detail in the next subsection.

2.3. The One-Loop Anomalies

This subsection is a summary of the results of [11] where the anomalies for
various chiral fields in Euclidean space were related to index theory. This
whole subsection will be in Euclidean space of even dimension 2n. We first
give the different relevant indices. The simplest index is that of a positive
chirality spin—% field. Here positive chirality means positive Euclidean chi-
rality as defined above. For spin—% fermions the relevant Euclidean Dirac
operator is (cf. (2.11)

) 1 1
P=Bin"(9; + A + 7war™), v =505 (2.27)

Define D% =D HTW and the index as

ind (ZJD% ) = number of zero modes of le%

—number of zero modes of (ilD;)T . (2.28)

2

Then by the Atiyah—Singer index theorem
ind (i) = / [A(Msy,) ch(F)]an, (2.29)
M2n

where ch(F) = tr exp (5= F) is the Chern character and A(Myy,) is the Dirac
genus of the manifold, given below. The subscript 2n indicates to pick only
the part which is a 2n-form. Note that if the gauge group is [[, G, then
ch(F') is replaced by []; ch(F}).

Another important index is that of a positive chirality spin-% field. Such
a field is obtained from a positive chirality spin—% field with an extra vector
index by subtracting the spin—% part. An extra vector index leads to an

additional factor for the index density,

- .
tr exp (i §RabTab) = tr exp (%R) , (2.30)

since the vector representation is (79°).q = §26% — 6462. Hence

ind(iDs) = /M2 [A(Mgn)(tr exp (%R) - 1) ch(F)] . (2.31)

2n
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The third type of field which leads to anomalies is a self-dual or anti-self-
dual n-form H in 2n = 4k + 2 dimensions. Such antisymmetric tensor fields
carry no charge w.r.t. the gauge group. As discussed above, a self-dual tensor
can be constructed from a pair of positive chirality spinors. Correspondingly,
the index is A(Mgn) multiplied by tr exp (#%RabT‘lb), where T% = %y“b
as appropriate for the spin—% representation. Note that the trace over the
spinor representation gives a factor 2" in 2n dimensions. There is also an

1

additional factor 5 from the chirality projector of this second spinor and

another factor 3 from a reality constraint (H is real),
ind(iD4) = 1/ [A(Mg Jirexp (=R wb)] _ 1/ [L(M)]
4 Mo, n o 4 ab o 4 Mo, 2n -
(2.32)

L(M) is called the Hirzebruch polynomial, and the subscript on D4 stands
for “antisymmetric tensor”. (Note that, while A(May,)tr exp (5= 2 Rapy™)
carries an overall factor 2", L(Ma,) has a factor 2¥ in front of each 2k-form
part. It is only for k = n that they coincide.)

Of course, the index of a negative chirality (anti-self-dual) field is minus
that of the corresponding positive chirality (self-dual) field. Explicitly one
has:

ik

k!(2m)k

ch(F) = tr exp (;F) = trl—l—%trF—l—...—i— tr FF4 ..., (2.33)
T 7r

A(My,) =1+ LN I [1 tr R* + 1(trR2)2]

(47)2 12 (4m)* 360 288
PRI I SN trR4trR2+;(trR2)3 + (2.34)
(47)6 | 5670 4320 10368 ‘

R . L on o
A(May,) (treﬁR - 1) =2n—-1)+ 7L5tr R?

(4r)2 12
(2.35)
L(Man) =1— (27)2 % R (271r)4 {_15730 tr R+ 712(tr Rz)Q]
+(271r)6 [_22;5“1%6 n ﬁtrR‘ltrRQ _ 12196(trR2)3] +.... (2.36)
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To proceed, we need to define exactly what we mean by the anomaly. For
the time being, we suppose that the classical action is invariant (no inflow),
but that the Euclidean quantum effective action I'g[A] has an anomalous
variation under the gauge transformation (2.9) with parameter v of the form

0, Lp[A] = / trvG(A). (2.37)
Local Lorentz anomalies are treated analogously. Note that
il = [ <Duv>a‘$ﬂj[§” [ e
OI“d

5,05[A] = / tr D LEAL / op OBl

A, A, (2.39)

so that G(A) is identified with —Duag’jﬁ] or G(A)* with —(D,J*)*. To
avoid these complications, we will simply refer to the anomalous variation of
the effective action, d,I'g[A] as the anomaly. So our anomaly is the negative
integrated divergence of the quantum current (multiplied with the variation
parameter v).

A most important result of [11] is the precise relation between the
anomaly in 2n dimensions and index theorems in 2n + 2 dimensions, which
for the pure gauge anomaly of a positive chirality spin—% field is (Eq. (3.35)
of [11])

5 rspm%[A} " / Q3. (v, A, F) (2.40)
v E 2 (n+1)! SO '
The standard descent equations dQ%n = 0,Q2ns1 and dQo,yq = tr F7H!
relate Q3,, to the invariant polynomial tr F™*1. Comparing with (2.33) we

inl
see that the pure gauge anomaly is thus given by 6vFS;m2 Al = [ I;;f“"ge

with the descent equations dIQI,’lgauge = (51,[321916 and dIgZiﬁe = Iggig;, where
I3 = —2mi [ch(F)]2n42 . This is immediately generalized to include all

gauge and local Lorentz anomalies due to all three types of chiral fields

1
ST p[A] = / i (2.41)
1
dly, = 6lont1 » dlopt1 = Iopi2, (2.42)
dNote that if A = A*AY, B = BP)\% and trA\*\? = —§*0 (the \® are anti-hermitian) then
e.g. trAB = —A*“B% and “% J tr AB = —B®. Hence one must define % = —)\a“% so that

% J tr AB = B. Another way to see this minus sign in % is to note that A% = —tr A®A.
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where Is,19 equals —27i times the relevant index density appearing in the
index theorem in 2n + 2 dimensions (corrected by a factor of (—%) in the
case of the antisymmetric tensor field, see below). This shows that the Eu-
clidean anomaly is purely imaginary. It is thus convenient to introduce I as
I = —i I so that

ST g[A] = —i/f%n, (2.43)
df21n = 0Ions1 5 dlong1 = Doy (2.44)

Explicitly we have (always for positive Euclidean chirality, respectively Eu-
clidean self-dual forms)

A(May,) ch(F)

~spint [
Iypyg =2 I an ; (2.45)

~spin3 [ ]
12§+22 =27 | A(May,) (tr exp <;R> - 1> ch(F)] . (2.46)
Q 2n+2

. [/ 1\ 1
Ihoos=2m (-2 ) > L(Msy,) . (2.47)
L 2) 4 2n+2

The last equation contains an extra factor (—%) with respect to the index
(2.32). The minus sign takes into account the Bose rather than Fermi statis-
tics, and the % corrects the 2"t to 2" which is the appropriate dimension
of the spinor representation on My, while the index is computed in 2n + 2
dimensions. Note that in the cases of interest, the spin—% gravitino is not
charged under the gauge group and in (2.46) the factor of ch(F) simply
equals 1.

Equations (2.43)-(2.47) together with (2.33)-(2.36) give explicit expres-
sions for the anomalous variation of the Fuclidean effective action. In
the previous subsection we carefully studied the continuation of topologi-
cal terms like [ I3 between Minkowski and Euclidean signature. It follows
from equations (2.12), (2.16) and (2.43) that the anomalous variation of the

Minkowskian effective action is given directly by f21n,
6Ty = / I, (2.48)
My

However, one has to remember that (with our conventions for ~us)
the chiralities in Minkowski space and Euclidean space are op-
posite. While len corresponds to positive chirality in the FEu-
clidean, it corresponds to negative chirality in Minkowski space, i.e.
Eq. (2.48) is the anomaly for a negative chirality field in Minkowski space.
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Obviously, the anomaly of a positive chirality field in Minkowski space is
just the opposite.

To facilitate comparison with references [12] (GSW) and [14] (FLO) we
note that

Iosw = (2m)" Ionsa, IrLo = —lanta - (2.49)

The flip of sign between Ir1,o and f2n+2 is such that [ II%LO directly gives the
variation of the Minkowskian effective action for positive chirality spinors in
Minkowskian space (with our definition of yyr).

Before we go on, it is perhaps useful to look at an explicit example in
four dimensions. Consider the simple case of a spin—% fermion of negative
Minkowskian chirality coupled to SU(N) gauge fields. In the Euclidean,
this corresponds to positive chirality and hence the anomalous variation of
the Minkowskian effective action is 6Ty = | I}, where I} is related via the
descent equations to I which is obtained from (2.45) as

I = —m tr F3. (2.50)
Note that this is real since by (2.9) tr F is purely imaginary. Also, there is
no mixed gauge-gravitational anomaly since the relevant term ~ tr R%tr F
vanishes for SU(N) gauge fields. It is only for U(1) gauge fields that one
can get a mixed gauge-gravitational anomaly in four dimensions. Using the
descent equations one explicitly gets

T = —6(;7)2 /trv d(AdA + %A?’) . (2.51)
It is important to note that we are only discussing the so-called consistent
anomaly. Indeed, since our anomaly is defined as the variation of the effective
action it automatically satisfies the Wess-Zumino consistency condition [15]
and hence is the consistent anomaly. There is also another manifestation of
the anomaly, the so-called covariant anomaly (which in the present example

would be —ﬁ [ trvF?). The latter is not relevant to us here and we will

not discuss it further (see however Ref. [16]).

Finally, it is worth mentioning that the anomalies are “quantized” in the
following sense: once we have normalized the gauge and gravitational fields
in the usual way (so that ' = dA+ A? and R = dw+w?) the anomalies have
no explicit dependence on the gauge or gravitational coupling constants. In a
given theory, the total anomaly is a sum of the fixed anomalies | Spm%, fsping
and I4 with coefficients that count the multiplicities of the corresponding
fields, i.e. are integers. Of course, this came about from the relation with
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index theory, and there was just no place where any coupling constants
could show up. Another way to see this is to recall that the anomalies are
one-loop contributions to the effective action coming from exponentiating
determinants. In the loop expansion of the effective action only the one-loop
term is independent of the coupling constants.

2.4. Anomaly Cancellation by Inflow

We have seen that the anomalous variation of the one-loop quantum effective
action is 0I'g = —i fM%” I3 in the Euclidean and 0Ty = fM]%? I3 in the
Minkowskian case. Now, we want to discuss the situation where Mo, is a
2n-dimensional submanifold (on which live the chiral fields that give rise to
the anomaly) embedded in a manifold of higher dimension D.

To appreciate the role of the higher-dimensional embedding, let us first
remark that a (consistent) anomaly in 2n dimensions cannot be cancelled by
adding to the classical invariant action a local non-invariant 2n-dimensional
“counterterm” F(El) [A,w] = —i [ v[A, w] that depends on the gauge and grav-
itational fields only (as does I5,1). Indeed, a consistent anomaly I3 | char-
acterized by a non-vanishing f2n+2, is only defined up to the addition of such
a local counterterm;® this is the essence of the descent equations (2.42) or
(2.44). To see this, suppose one has the one-loop anomaly dI'p = —i ff%n
Upon descent this leads to f2n+2. If one adds the counterterm Fg)[A, w] to
the classical action the variation of the new effective action and the descent
equations (2.44) are

0T + 0T = —z'/ (fgln + M) ;
d (f%n + 57) =61 +0dy =6 (f2n+1 + d’Y) ;

d (f2n+1 + d’}/) = f2n+2 +0 (2.52)

with the same f2n+2 as before; the invariant polynomial is insensitive to the
addition of a local counterterm.

While addition of a local counterterm cannot eliminate the anomaly, it
can be used to shift between two different expressions of the “same” anomaly.
Consider as an example the mixed U(1) gauge-gravitational anomaly for a
negative chirality spin—% fermion in four Minkowskian dimensions character-

€ One always has the freedom to add a local counterterm to the action. If this was enough to
cancel the anomaly one could consistently quantize the theory without problems.
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ized by the invariant 6-form

fpied = — T For R? 2.53
6 12(4m)2 7 (2:53)
(recall that for U(1) gauge fields A ~ iqA, F' ~ iqF and v ~ igé). Upon

descent, this gives Iimxed’l either as
fmixed,l _ q £t RQ jmixed,l _ q Firedw . 2 54
4 12(4m)2 O (e T tredw . (2:54)

Addition of the counterterm
=__92 /Atr(wdw + gw?’) (2.55)
12(47)2 3

allows interpolation between the two expressions of the anomaly since
0T = — iy ([ Ftredw — [Etr R?).

The preceding discussion shows that the anomaly cannot be cancelled by
adding local terms defined on the same 2n-dimensional manifold on which
live the chiral fields responsible for the anomaly. Instead, we will consider
local terms defined on a higher-dimensional manifold which contains the
2n-dimensional one as a submanifold.

The simplest example is a 3-dimensional manifold M3 whose boundary is
a 2-dimensional manifold Ms = 0M3. In practice, one has to pay attention
to the orientations of OMs3 and Ms and be careful whether what one calls
My is OMsg or —OM3, i.e. OMs with opposite orientation. Suppose that on
Mo lives a chiral spin—% field coupled to a gauge field A. The gauge anomaly
is (for positive Euclidean chirality) 6'g = —i [ M, f21 where I} is obtained by

the descent equations from Iy = —ﬁ tr F2. Explicitly
. 1 2 1
fy= ——t (AdA 7A3> = Qs 2.
3 a7 ' + 3 dr @ (2.56)
3 1 L csi
Iy =——trodd=—— Q5> 2.57
2 4dr re 47 @2 ( )

where Q§S is the usual Chern-Simons 3-form, obviously obeying
5QSS = a5t . (2.58)
Now suppose that the 3-dimensional Euclidean action contains a Chern—
Simons term
1

cs
- . 2.
Scs i Q3 (2.59)
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As discussed in Section 2.1, this topological term needs to be purely imagi-
nary in order to correspond to a real term in the Minkowskian action. On the
other hand, being imaginary in the Euclidean case is exactly what is needed
to match the anomalous part of the effective action, as we now proceed to
show. Under a gauge variation, the Chern—Simons term transforms as
Scs = —— [ dQSS!, (2.60)
4 S,

which would vanish if M3 had no boundary. By Stoke’s theorem we have

§Sos = —— Q5> = z/ il (2.61)
AT Jons, My

Thus the non-invariance of the Chern—Simons term is localized on the 2-
dimensional boundary manifold My and, with the coefficient chosen as above,
it exactly cancels the one-loop anomaly. This is called anomaly cancellation
by anomaly inflow from the bulk. This example is particularly simple as the
Chern—Simons term is nothing but Scg = 7 [ I3 and the anomaly inflow is
governed directly by the descent equations 615 = df21

As an example of a somewhat different type, consider a 5-dimensional
Minkowskian theory involving a U(1)-gauge field and gravity and suppose it
admits solutions that are analogous to magnetic monopoles in 4 dimensions.
In 5 dimensions these are magnetically charged string or vortex like solutions.
Their world-volume is a 2-dimensional manifold W5. In the presence of such
a solution, the Bianchi identity dF = 0 is modified as

dF = a 6% | (2.62)

where « is some coefficient measuring the magnetic charge density on
the string and (51(,%2 is a Dirac distribution 3-form with support on the 2-

dimensional world-volume W5. It has the property that [, (5‘(,[:25 = Jw, &
for any 2-form £. Typically, on Wy live some chiral fields. If we suppose
that they carry no U(1)-charge and that there are n, positive and n_ nega-
tive (Minkowskian) chirality spin—% fields, there will only be a gravitational
anomaly in two dimensions equal to

n— —ny
oy =— tredw . 2.63
M 96 /W2 redw (2.63)

This can again be cancelled by anomaly inflow from the bulk. Suppose
there is a topological term in the 5-dimensional action involving F and the
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gravitational Chern—Simons 3-form,

2
Seop =0 | Fir (wdw + fw?’) . (2.64)
Ms 3

Its variation is (using again a descent relation analogous to (2.58))

0Stop = Fdtredw = -0 dF tredw
M5 M5

= —aﬁ/ 5‘(,[:2 tredw = —af tredw, (2.65)
Ms Wo

and, if a8 = "*gg:r”, this cancels the gravitational anomaly on the two-
dimensional world-volume. This second example is a very simplified version
of the cancellation of the five-brane anomalies in M-theory, which will be
discussed (with all its coefficients) in some detail below.

It is worthwhile to note a generic feature of anomaly inflow in the previous
example. Suppose we decide to rescale the U(1)-gauge field by some factor
n so that F — F = nF. Then, the coefficient « in the Bianchi identity

also gets rescaled as o — & = na so that it still reads dF = &(51(/}2 . The

coefficient (3 in (2.64) obviously becomes  — B = B/n, and afB = af. We
see that the anomaly cancelling condition af = "5+
any rescalings as it must be since the one-loop anomaly only depends on the

18 invariant under

integers ny and n_.

It is clear from these examples that by some mechanism or another the
variation of a (D > 2n)-dimensional topological term in the classical action
gives rise to a 2n-dimensional topological term

oSt = | PV & 8¢ =i 2 pEm (2.66)
MI\/I” ME”

with Dl(\in) = D(E2n) = D@ according to (2.15). Thus the total variation of
the 2n-dimensional action including the one-loop anomaly is

oTn :/ (I}n +D<2”>) & oTp = —i/ (f;n —|—D(2”)> (2.67)
gy Mg

(where now I3 is meant to contain all the contributions to the one-loop
anomaly, with all the relevant signs and factors to take into account the dif-
ferent chiralities and multiplicities). In any case, the condition for anomaly
cancellation is the same in Euclidean and Minkowski signature,

I3, + DB =0, (2.68)
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3. Anomaly Cancellation by Inflow in Condensed Matter:
The Quantum Hall Effect

A most important example from condensed matter is the Quantum Hall
Effect [8]. The relevant geometry of a Hall sample is two-dimensional with
a one-dimensional boundary, e.g. an annulus. Typically, the boundary has
two disconnected pieces (edges) like the inner and outer boundary of the
annulus. Adding time, the physics is on a 2 + 1 dimensional manifold with
a 1+1 dimensional boundary.

A magnetic field is applied perpendicular to the Hall sample and an
electric field is present along the sample (usually perpendicular to the edges)
resulting in a voltage drop. All this is again described by a 241 dimensional
electromagnetic field F with (recall that our signature is (— + +))

.'F()l = —E1 , .'F()Q = —E2 , flg =B. (3.1)

When the filling factor (controlled by the ratio of the electron density and
the magnetic field) takes values in certain intervals, one observes a vanishing
longitudinal resistivity. The conductivity matrix being the inverse of the
resistivity matrix, the longitudinal conductivity also vanishes and the current
and electric field are related as

j¢=0"Ey = —0c®Fy , ab=1,2 (3.2)

with ¢! = 022 = 0 and ¢'2 = —0?! = oy being the transverse or Hall
conductivity. In the integer Quantum Hall Effect, this Hall conductivity g
is an integer multiple of e2/h, or since we have set h = 1,

e2

OH =M o nez, (3.3)

—e being the elementary charge of the electron. In the fractional Quantum
Hall Effect, n is replaced by certain rational numbers.

The integer Quantum Hall Effect is quite well understood in terms of
elementary quantum mechanics of electrons in a strong magnetic field, giving
rise to the usual Landau levels, together with an important role played by
disorder (impurities) in the sample, leading to localization (see e.g. [8]). The
fractional Quantum Hall Effect is more intriguing and has given rise to a large
literature (which I will not cite). In both cases, effective field theories of the
Chern—Simons type have played an important role, see e.g. Refs. [17-22].

Here, we will only consider a simple field theoretic model neglecting most
of the subtleties discussed in the above-mentioned references, as well as in
others. Consider an effective field theory given by a 2+ 1 dimensional Chern—
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Simons term of the electromagnetic vector potential A, plus a coupling to
the electromagnetic current j#,

SQ+1 = U/ d3.'E e"“"”Au&,Ap +/ dsxjp'.AM . (34)
2 Mot Moyq

(For simplicity we assume a trivial metric.) Varying this action with respect

to A, gives the equation of motion

, o
gH = ) e"PFp, pn=0,1,2. (3.5)

Specializing to u = 1,2 and using €"'? = —1 (see Eq. (2.2)) we see that the
effective action (3.4) correctly reproduces the Hall relation (3.2) with

og =0 . (3.6)

The action (3.4) can be rewritten using forms (cf (2.3)) as

SH:—%H AAdA+/ GAA. (3.7)
Maiq Mzt

It is well-known in the integer Quantum Hall Effect that there are chiral
massless excitations on the boundaries (edge currents). They can be viewed
as excitations of the incompressible two-dimensional electron gas or resulting
from an interruption of the semiclassical cyclotron trajectories by the edges
[8]. In any case, they are 141 dimensional chiral degrees of freedom. In
141 dimensions it does not matter whether they are described as chiral
bosons or as chiral fermions, both descriptions being related. Suppose there
are ny species of them on the edge k (we label the two edges as k = 1,2).
Note that all species on a given edge have the same chirality. These chiral
fermions being charged have a one-loop U(1) gauge anomaly. Recall that
for U(1) gauge fields we replace A ~ iq.A and similarly for the field strength
F ~ iqF and for the gauge variation parameter v ~ igé, where ¢ = —e is
the (negative) electron charge. Then, trvdA ~ —e?€d.A, and according to
the general results of the previous section, the anomalous variation of the
effective action on the k™ edge is

1 emind 2
s.redeek — 4y / L7 = gy edA , (3.8)
1+1 1+1

where the + accounts for the (unspecified) chirality,! and we have used

f One should also be careful about the orientations of May1 and of the edges Mﬁl to get the
signs straight.
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Eq. (2.57).
On the other hand, the bulk action S5,; is also anomalous due to the
boundary and it gives an anomaly inflow

552“:—%{ deda) = Y (—%H) /M A . (3.9)

(k)
Mz41 edges k 1+1

The quantum anomalies (3.8) and the anomaly inflow (3.9) cancel if and
only if o = (£nyg) % Since the anomaly should cancel on both edges k,
this shows that +£n; = +£n9 = n and

2

e
OH =N nez (3.10)

in agreement with Eq. (3.3). Anomaly cancellation by inflow from the bulk
forces the Hall conductivity to be correctly quantized!

As already noted, the fractional Quantum Hall Effect is more complicated
and the edge excitations are described by more complicated quasiparticles
involving exotic spins and statistics, so that our simple argument needs to
be refined. Somewhat related arguments can be found in [20-22]. Other
examples in 141 dimensional condensed matter where anomaly arguments
play a role are quantum wires [22] and presumably vortices, as well as de-
fect surfaces in 3-dimensional Euclidean statistical systems. Due to lack of
competence, I will discuss none of them here.

4. Examples of Anomaly Cancellation by Inflow in M-Theory
4.1. The low-energy effective action of M-Theory

M-theory has emerged from a web of dualities between superstring theories.
In its eleven-dimensional uncompactified version it can be considered as the
strong-coupling limit of type IIA superstring theory. This tells us that its
low-energy effective action is that of eleven-dimensional supergravity first
written by Cremmer, Julia and Scherk [23]. In Minkowski space its bosonic
part reads (using our conventions as exposed in Section 2.1)

1 1 L1
SﬁJS:M(/dnx ]gR—2/G/\ G—G/CAGAG>, (4.1)

where kK = k11 is the 11-dimensional gravitational constant, R is the Ricci
scalar, and G = dC. The coeflicients of the second and third term in this
action can be changed by rescaling the C-field. Also, some authors use
a different relation between G and dC. These issues have been extensively
discussed in [4] where a table is given summarizing the conventions of various
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authors. Here, however, we will use the simple choice made in Eq. (4.1) which

in the notation of Ref. [4] corresponds to @ = = 1. Note that the third

term is a topological term, usually referred to as the Chern—Simons term.
The C-field equation of motion is

1
d*G+§G/\G:O, (4.2)
or in components
4 1 4
VGt gy € G G =05 (43)
and the Einstein equations are
1 1
Ry = 75 (Gupro G = = 9w Grow G (4.4)

Just as superstring theory possesses various D-branes, M-theory has two
fundamental branes: membranes (2-branes) and 5-branes. Also, the low
energy-effective action (4.1) certainly does receive higher-order corrections.
Note that in eleven-dimensional supergravity there is no parameter besides
the gravitational constant «, and higher order necessarily means higher order
in k. The first such term is the famous Green—Schwarz term, initially inferred
from considerations of anomaly cancellation on 5-branes by inflow [9,24]. It
reads (in Minkowski space)

T T
SGS:—EQ/CAX8:—62/G/\X7 (4.5)
2w s

where we assumed that one can freely integrate by parts (no boundaries or
singularities), and where

1 1 1
Xg=dX7 = (- trR' — —(tr R?)?). 4.
s = dX7 Grdl <8trR 32(trR)> (4.6)

Here T is shorthand for
271'2 1/3
To=|— 4.7
and is interpreted as the membrane tension. The parameter € can be fixed
by various considerations of anomaly cancellation as we will show below.
Since there have been some ambiguities in the literature we will keep € as a

parameter and show that all anomalies considered below cancel if and only
if

e=+1. (4.8)
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Note that adding the Green—-Schwarz term to the action (4.1) modifies the

equations of motion (4.2)-(4.4) by terms of order £*® which will be neglected
below when looking for solutions of the “classical” equations of motion.

The Euclidean continuations of the action (4.1) and the Green—Schwarz

term are
1 1 '
SSJS:@ (—/dllz\/gRE—i—2/GEA*GE+2/CEAGEAGE>
(4.9)
and
. T2 . T2
Sgszze%/CE/\XéE:ze%/GE/\X?. (4.10)

4.2. The M-Theory Five-Brane

The 5-brane and anti-5-brane are solutions of 11-dimensional supergravity
that preserve half of the 32 supersymmetries. The metric is a warped metric
preserving Poincaré invariance on the (5+ 1)-dimensional world-volume (for
flat 5-branes) and the 4-form G has a non-vanishing flux through any 4-
sphere surrounding the world-volume. This is why the 5-branes are called
“magnetic” sources. It will be enough for us to exhibit the bosonic fields
only.

Although the original 11-dimensional supergravity is non-chiral, the 5-
brane is a chiral solution; it carries a chiral (5 + 1)-dimensional supermul-
tiplet which gives rise to anomalies. Of course, the anti-5-brane carries the
supermultiplet of opposite chirality. As a result, when computing an “M-
theory functional integral” one has to sum over classical solutions of opposite
chirality and the overall result is correctly non-chiral. However, we like to
adopt a more modest view and consider M-theory in a given background
with some number of 5-branes somewhere and some other number of anti-
5-branes somewhere else. Then the anomalies cannot cancel between the
different branes and anomaly cancellation must occur for each 5-brane or
anti-5-brane separately. This will be achieved by anomaly inflow from the
two topological terms, the Chern—Simons and the Green—Schwarz term.

It is not too difficult to determine the nature of the chiral 6-dimensional
supermultiplet living on the world-volume of a 5-brane [25]. What requires
some more care is to correctly determine its chirality. We will see that the 5-
brane acts as a “magnetic” source for the C-field leading to a modification of
the Bianchi identity dG = 0. This is at the origin of anomaly inflow from the
Green—Schwarz term [9] and similar to the mechanism outlined in Section
2.4 for the magnetic string. However, it was noticed [6] that there is a left-
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over “normal bundle” anomaly which is only canceled by further inflow from
the (slightly modified) Chern—Simons term [10]. In principal, this should
have fixed the coefficient € of the Green—Schwarz term. In the literature
one can find about as many times ¢ = +1 as ¢ = —1 (after eliminating
the effect of using different conventions). This was the motivation in [4] to
redo the whole computation from first principles. Here we will outline this
computation again, with the result e = +1.

4.2.1. The classical 5-brane solution

We work in Minkowski space and split the coordinates into longitudinal
ones %, a =0,...5 and transverse ones ™ = y™, m = 6,...10. Then the

metric is

ds? = A(r) Y3 napda®da® + A(r)?/3 6pndy™dy™ (4.11)
where

Alr)=1+ :é’ r=Gmny™y™)?, >0, (4.12)

(with 7,4 = diag(—1,1,...1)). From this one has to compute the Ricci
tensor and finds that Einstein’s equations (4.4) are solved by

73

Grnpg = £3 T—g €mnpgs Y’ all other G0 = 0. (4.13)

The other equation of motion (4.3) reduces to Oy, (\/m Gm"pq) = 0, which
is automatically satisfied. The solution with the upper sign (4) is called a
5-brane and the one with the lower sign (—) an anti-5-brane. Details are
given e.g. in [4], where one can also find a discussion of how things change
under a rescaling of the C-field. The 4-form corresponding to (4.13) is
e y®

G=4=+ g Cmnpas 5 dy™ A dy"™ Ady? A dy? (4.14)
and for any 4-sphere in the transverse space surrounding the world-volume
we have the “magnetic charge”

G = =+ 3rdvol(SY) = + 8723 . (4.15)
S4
Hence, for the 5-brane the flux of G is positive and for the anti-5-brane it is
negative.
The parameter rg sets the scale for the (anti-) 5-brane solution. One can
compute the energy per 5-volume of the brane, i.e. the 5-brane tension T5 as
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a function of ry. Using the Dirac quantization condition between membranes
and 5-branes then relates the membrane tension 75 and the 5-brane tension
Ts as To 15 = 2 2™ so that in the end 872 To = 2—” see [4] for details. (Recall
from (4.7) that Ty = (212 /x%)1/3.) Tt follows that Eq. (4.15) can be rewritten
as
2
G = + 25 =+ (4nk2)'/3. (4.16)
g4 Ty

This is equivalent to the modified Bianchi identity

5
dG = + Eagvg + (4n2)3 60 (4.17)
where again the upper sign (4) applies for a 5-brane and the lower sign (—)
for an anti-5-brane. 65{2 is a b-form Dirac distribution with support on the

world-volume W such that [ My, @(6) N 5W6 fW

To summarize, the 5-brane and ant1 5-brane solutlons both have a metric
given by (4.11). The 4-form G is given by (4.14) and satisfies the Bianchi
identity (4.17). The upper sign always corresponds to 5-branes and the lower
sign to anti-5-branes.

4.2.2. The zero-modes

The (massless) fields that live on a five-brane are the zero-modes of the
equations of motion in the background of the 5-brane solution. Hence, to
determine them, we will consider the zero-modes of the bosonic equations
of motion in this 5-brane background. The fermionic zero-modes then are
simply inferred from the completion of the supermultiplet. The anti-5-brane
background can be treated similarly (flipping signs in appropriate places).

Apart from fluctuations describing the position of the 5-brane, there are
zero-modes of the C-field. A zero-mode is a square-integrable fluctuation
G = ddC around the 5-brane solution Gy (given by (4.13) or (4.14) with
the upper sign) such that G = Go+ G still is a solution of (4.3) or (4.2). Of
course, G must also solve the Einstein equations to first order in dG. This
will be the case with the same metric if the r.h.s. of (4.4) has no term linear
in 0G.

The linearization of Eq. (4.3) around the 5-brane solution (4.13) is

V 0GHPT + L B—TS €VPIHL--HAMNPY g oG =0 (4.18)
2 4141 15 mnpgs Y B pta . .

Since there are only 5 transverse directions, the second term is non-vanishing
only if exactly one of the indices vpopug ... s is transverse. It is not too
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difficult to see that the only solutions are such that all components of §G
but 0G,,a8 vanish. This also ensures that dG' cannot contribute linearly to
the Einstein equations. We take the ansatz [25]

0Gmapy = A(r) 7 Cr Py Hyp . with 9,Hapy =0, (4.19)

and use \/|g] = A(r)/3, g™ = A(r) 7235 g2 = A(r)/3 18, as well as
the convention that indices of H,g, are raised with n®? and those of 0G masy
with ¢ and g®°. This means that G = A(r)~2/3=C =5 y™ HBY We
further need

4!
Brtocemnpg Emnpgs = ———— 0. eproer (4.20)
Vgl
with €879 completely antisymmetric and €?12345 = —1 j.e. €is exactly the

e-tensor (as defined in (2.2)) for the (5 + 1)-dimensional world-volume with
metric 7,4. Then, for (v, p,0) = (o, 3,7), Eq. (4.18) becomes®

3
O (A(r)—¢ o ym) HPY %0 EBVRN () IS =0, (4.21)

Since dp, (A(r) S rPy™) = +3CA(r) " rd r™® we finally get

1

CHOM = 2 @7 Hyep . (4.22)

Consistency of this equation requires either ( = 41 in which case H is
self-dual (cf (2.25)) or ¢ = —1 in which case H is anti-self-dual.
As mentioned above, the zero-modes must be square-integrable,

00 > /dum\/|g| 6G mapy 0G0

87‘(’2 0o

— [ dr 7“_4A(r)_1_2</ dSz H,g- HBY | (4.23)
3 Jo We
The r-integral converges if and only if ¢ > 0. Thus square-integrability
selects ( = +1 and, hence, H = dB is a self-dual 3-form on the world-
volume.

To summarize, in Minkowski signature, on a 5-brane, there is a self-dual
3-form H (which continues to an anti-self-dual Euclidean 3-form Hpg), while
on an anti-5-brane the 3-form H is anti-self-dual (and continues to a self-
dual Euclidean 3-form Hg). To complete the 6-dimensional supermultiplets,
we know that the self-dual 3-form is accompanied by two spinors of positive

g For (v, p,0) = (m, 5,7) Eq. (4.18) gives 9o H*37 = 0, so that Hopy = 3 0joBgy, as expected.
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chirality, and the anti-self-dual 3-form by two spinors of negative chirality.
We note that the same discussion can be equally well carried out entirely in
the Euclidean case (see [4]), with the same result, of course.

4.2.3. The tangent and normal bundle anomalies

Now that we have determined the nature and chiralities of the fields living
on the 5-brane world-volume, it is easy to determine the one-loop anomaly,
using the results of Section 2.3. For the Euclidean 5-brane we have an anti-
self-dual 3-form and two negative chirality spinors. While the 3-form cannot
couple to gauge fields, the spinors couple to the “SO(5)-gauge” fields of the
normal bundle. This coupling occurs via

1 1
Di=0;+ Wap Y™ + 7 “rai?” (4.24)

inherited from the eleven-dimensional spinor. Here a,b and 4 run from 1 to
6, while p,¢ = 7,...11. Thus wyq; behaves as an SO(5)-gauge field Ay with
generators A% ~ %,qu‘ We see that the relevant SO(5) representation is the
spin representation [6] and hence (R,q = dwpq + wprwrq = Réq)

1
F=F\" e 2Ry (4.25)
ch(F) «— tr exp <4R$q’y ) = ch(S(N)). (4.26)

This trace appeared already in (2.32), except that there R, was the curva-
ture on the manifold (i.e. on the tangent bundle). One has

1 1 1 1
ch(S(N)) = 4 [1—W4tr33+(47r)4[ SRl (R ] ]
(4.27)
The relevant anomaly polynomial includes an extra factor % from a chirality
projector (as in (2.32)) as well as a minus sign for negative chirality. It is

(R=R+R))
1. 2 [1 1
—— A(Mg) ch(S(N))| =— RY + —(tr R?
5 A) (S| =~ g R+ (e B
L 1 ove L mo o
24trR 32(trRL) 48trR tr R

(4.28)

The part not involving R is just —2[A(M;g)]s and can be interpreted as
the contribution to the tangent bundle anomaly of the two negative chirality
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spinors on Mg. Adding the contribution of the anti-self-dual three-form,
which is [— (—%) L(]\JG)]8 (evaluated using R) we get the anomaly on the

Euclidean 5-brane as 6'p = —i [ fé Sobrane with

I“gfbrane — 97 |:_; A(M(;) ch(S(N)) + éL(M()):| .

= —Xg(R) — Izormal (4.29)

where Xg is given in (4.6) (now with R — R) and

3
32

. 1 1
normal __ - 4
K= [ g L

1 .
(tr R?)% — 6 tr R? tr Ri] . (4.30)
The part —Xg(R) is called the tangent bundle anomaly and —I7°"™% the
normal bundle anomaly.

4.2.4. Anomaly inflow from the Green—Schwarz and Chern—Simons
terms

In this subsection we return to Minkowski space. As we have seen, the
5-brane has chiral zero-modes on its 6-dimensional world-volume with its
Minkowski anomaly given by

1-1 £1,5—b
STL-10op _ /W jLo—brane (4.31)

#1,5—brane r5—brane 5—brane __
Iﬁ Ig IS -

where is the descent of given in (4.29) and
—Xg(R) — I3 The tangent bundle anomaly —Xg(R) is cancelled [9]
through inflow from the Green—-Schwarz term ~ [ G A X7(R). The latter,
however, gives Xg(R) = Xg(R + R ), not Xg(R). The difference, as well
as the normal bundle anomaly is cancelled through inflow from the Chern—
Simons term as was shown in [6,10]. As a result, cancellation of the total
5-brane anomaly fixes both coefficients of the Green—Schwarz and Chern—
Simons terms. In particular, it establishes a correlation between the two
coefficients. Moreover, as we will see, cancellation can only occur if the
sign of the anomaly due to the five-brane zero-modes is exactly as in (4.31),
(4.29).

Let us first consider the simpler inflow from the Green—Schwarz term
(4.5) in the form Sgg = —ezT—fr [ G A X7. Using the Bianchi identity (4.17)
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we get

T T
5SGS=—62/GA5X7=—62/GAng
2 2

T
—2 dG/\Xéze/di(,?,)/\Xéze Xg, (4.32)
2T 6 We
where, as already noted, Xé is Xé(R). This corresponds via descent to an
invariant polynomial

I§® = € X3(R). (4.33)

Next, inflow from the Chern—Simons term is more subtle. We review the
computation of [10], again paying particular attention to issues of signs and
orientation. The two key points in [10] are: (i) the regularization

5 €4
8\ — dp A 5 (4.34)
where p(r) rises monotonically from —1 at » = 0 to 0 at some finite distance
2 =15
and (ii) a modification of the Chern—Simons term close to the 5-brane, where
G #dC.
The regularized Bianchi identity reads

7 from the 5-brane, and e = des is a certain angular form with | g4

21 €4
dG = —d — 4.
G 7 pA 5 (4.35)

which is solved by (requiring regularity at » = 0 where e4 is singular)

G= dC’+T (2dp AdB —dp A e3)

T2pe4 +d <C’ - E(peg +2dp/\B)>

= ?pe4 +dC . (4.36)

Under a local Lorentz transformation, deg = del, and G is invariant if 6C = 0
and 0B = 62 Note that [10] include the dp A B-term in C' and hence get

a non—trwlal transformation for C. If we let G = dC then the modified
Chern—Simons term is

~ 1 - o~ o~
Scg = — lim/ CNANGAG, 4.37
12/{2 e—0 Mll\Dewﬁ ( )

where M11\DWg is M with a small “tubular” region of radius e around
the 5-brane world-volume cut out. (Of course, this radius e should not be
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confused with the e which is the coefficient of the Green-Schwarz term.) Its
boundary is

(M \DWs) = —S W (4.38)

where S.Wg is the 4-sphere bundle over Wg. Note the minus sign that
appears since the orientation of the boundary is opposite to that of the
sphere bundle.

Under a local Lorentz transformation G and hence G are invariant and

50 = - d(ped). (4.39)
T

Inserting this variation into (4.37), and using dG = 0 one picks up a bound-
ary contribution”

~ 7‘(‘ ~ ~
8Scg = ———— i ANGAG. 4.40
s =gz, m /Se% pes (4.40)

InG =dC — 7, (dpAes+pes—2dp AdB) the terms ~ dp cannot contribute
to an integral over S.Wg. Also the contribution of the dC-terms vanishes in
the limit € — 0. Hence the only contribution comes from [10,26]

t/ éAqAazz/;MNmy, (4.41)
SWe We

where po(NWg)! is related via descent to the second Pontrjagin class
p2(NWs) of the normal bundle given below. Using p(0) = —1 and (4.7)
we arrive at

~ 1 s 3 1 7T 1
55@5‘ = @ <B> /WG pQ(NWG) = 12/W6 pQ(NWG) . (442)

This corresponds to an invariant polynomial

A T
I§5 = 55 2 (NW) (4.43)

h'We get three minus signs, one from (4.37), (4.38) and (4.39) each. Apparently the one from
(4.38) was overlooked in [10].
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Using
T 1 1 1
Z (N - 2
12p2( Wg) (2 )34' < 4t R 8(t1“R ) >
1 ~
Xg(R) = Xs(R) 34' ( trRY — trRL) — EtrRQ trRi>

(4.44)

we find that the total inflow corresponds to

N N ~ 1 e 1 1
IgGS+IgS:6X8(R)+W[<8—4> tI‘le_—i‘(S 32> (tI‘RQ)

~ S w Rt R (4.45)
16

Now it is easy to study anomaly cancellation. Invariance of the full
quantum effective action requires that the sum of (4.29) and (4.45) vanishes.
This gives four equations

1 € 3 € 1
- - — — —— = 4.4
<8 32) 327 16 16 (4.46)
The first equation ensures the cancellation of the tangent bundle anomaly

and the three other equations ensure the cancellation of the normal bundle
anomaly. All four equations are solved by

e=+41. (4.47)

It is quite amazing to see that anomaly cancellation requires four differ-
ent terms to vanish, and they all do if the single coefficient € is chosen as
above. Note also that a rescaling of the C-field changes the coefficients of
the Chern—Simons and Green—Schwarz terms, but cannot change the relative
sign between them. The effect of such rescalings has been carefully traced
through the computations in ref [4] where it can be seen that the resulting
equations (4.46) are indeed invariant under these rescalings, as they should.

It is also interesting to note that the four conditions (4.46) for anomaly
cancellation have enough structure to provide a check that we correctly com-
puted the sign of the one-loop anomaly (if we believe that the anomaly must
cancel). Suppose we replaced equation (4.29) by

Lrene(n) = —n [Xs(R) + L™, =1, (448)
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Then equations (4.46) would get an extra factor n = =1 on their right-hand
sides. However, the four equations are enough to uniquely determine both
€ = +1 and n = +1. Said differently, a one-loop anomaly of opposite sign
could not be cancelled through inflow from the Chern—Simons or Green—
Schwarz terms even with their signs flipped. At first sight this might seem
surprising. However, as we have seen, such a sign flip merely corresponds to
a redefinition of the fields and obviously cannot yield a different inflow.

4.3. M-Theory on S'/Zs: the Strongly-Coupled Heterotic
String

While compactification of M-theory on a circle S' leads to (strongly-
coupled) type ITA superstring theory, compactification on an interval gives
the strongly-coupled heterotic string [5]. There are two ways to view this
latter compactification. On the one hand, one considers the compactification
manifold as being ten-dimensional Minkowski space Mig times the interval
so that the 11-dimensional space-time has two boundaries, each of which is a
copy of Myg. This is called the “downstairs approach”. On the other hand,
the interval being S'/Zs, one may start with the 11-dimensional manifold
being Mig x S' and then perform the Zy orbifold projection. In this case
there are no boundaries, but two orbifold fixed-planes, each of which is again
a copy of Mig. This is called the “upstairs approach”.

One may also consider more complicated compactifications on orbifolds
like e.g. T®/Zo with many intersecting orbifold planes. The latter construc-
tions have given rise to some model building, see e.g. [27].

Here we will work in the upstairs approach. As argued in [5] the orbifold
projection eliminated half of the supersymmetry leaving only one chiral (ten-
dimensional) gravitino on each of the ten-dimensional orbifold planes. This
leads to a gravitational anomaly with an irreducible R piece. The latter
piece can be cancelled by adding Eg gauge fields on each of the orbifold
planes (interpreted as “twisted” matter). The total one-loop anomaly then
no longer has this RS piece and, remarkably, has a factorized form on each
of the planes, a necessary condition for anomaly cancellation by inflow from
the Green—Schwarz and Chern—Simons terms. There has been a long series
of papers discussing this cancellation that culminated with Ref. [28], each
paper correcting some errors of the preceding ones. However, this was not
the end of the story, since one of the authors of [28] realized that there was
still an unnoticed numerical error, and to correctly obtain complete anomaly
cancellation requires a slight modification of the Chern—Simons term in the
vicinity of the orbifold planes, quite similar to what happened for the 5-brane
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as discussed above. This was reported in [4] and we will review these results
in this subsection. The attitude taken in [4] was to show that anomaly
cancellation in this case again determines the value of € to be +1. Here,
instead, we will consider that the coefficient of the Green—Schwarz-term is
already fixed from the 5-brane anomaly cancellation and that with this value
we correctly obtain anomaly cancellation also in the present case.

4.3.1. The one-loop anomalies on the orbifold 10-planes

As always in Minkowski signature, we label the coordinates as xz#, pu =
0,...10. Here we will distinguish the circle coordinate x'© € [—mrg, 77
from the other 2#, fi = 0,...9. The Zy-projection then acts as ' — —z19.
As one can see from the ChernfSHnons term, Cppp is Zg-odd and Cppig is
Zs-even (ji,v,p = 0,...9). The projection on Zs-even fields then implies
e.g. that

C=BAdz!?, (4.49)

and all other components of C projected out. Also, this Zs-projection only
leaves half of the components of the eleven-dimensional gravitino [5]. What
remains is a ten-dimensional gravitino of positive chirality (in Minkowskian
space), together with one negative chirality spin—% field. Of course, in Eu-
clidean space, this corresponds to one negative chirality spin—% and a positive
chirality spin—f fermion. The 1-loop anomaly due to the eleven-dimensional
gravitino on each 10-plane M} {0, A = 1,2 is thus given by

1 1
e = 2y (FIE R+ TR ) 450

where one factor % is due to the Majorana condition and the other factor
% due to the “splitting” of the anomaly between the two fixed planes [5].
R4 denotes the curvature two-form on Ml‘% which simply is the eleven-
dimensional curvature R with its components tangent to S' suppressed. As
is well known, such a polynomial has a tr RS-piece, and one must add an
Eg vector multiplet in the adjoint representation (Tr1 = 248) with positive
chirality (Minkowskian) Majorana spinors on each 10-plane. Then on each
plane Mf(‘) one has a 1-loop anomaly corresponding to

oy 1 S Zn S Zn 1 S Zn
hea= <— 5 2(Ra)+ 17y (RA)> - 5115 *(Ra, Fa)

v
= Iy [XS(RA) +3 IA?,A} , (4.51)
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where we used Tr F3 = 115(Tr F3)?, Tr F§ = 5 (Tr F35)? and defined

1 /1 1 1 1
= (-TrF?— Ry =—— (twF2 - -trRY). (4.52
AT )2 (30 FraT o A) (47)2 ( PRA- g Ra ). (452)

Note that in the small radius limit with By = Ry = R one has

{f12,1 + f12,2}

T
Ri—Ra=R (Ta1 4 1a) [XS(R) + 3 (12,1 + If,z - 14,114,2)}

= (1471 + 1472) Xg(R, Fi, FQ) , (453)
thanks to the algebraic identity a® + b = (a + b)(a® + b — ab). Here Xg

is the relevant 8-form that appears in the anomaly-cancelling term of the
heterotic string,

S 1 1 1 1
Xs(R, Fy, Fy) = (%)34!( gtrR‘* + 3—2(trR2)2 - gtrR2(trF12 + tr F2)
1 1 1
+ Z(trFf)2 - Z(trFQ?)2 -t F2tr Fg) . (4.54)

4.3.2. Anomaly inflow and anomaly cancellation

To begin with, there is a slight subtlety concerning the coefficients of the
Chern—Simons and Green—Schwarz terms in the upstairs formalism. To see
this, we start in the downstairs formalism where Scg and Sgg are given
by integrals over an honest manifold with boundary which is Mg times the
interval I = S'/Zs. Then clearly the coefficients must be those given in the
preceding subsections,

1 1
SCS:—/ CNANGAG, Sgg = ————+= GANXry.
12kK2 MioxI (47”{2)1/3 MyoxI
(4.55)
Here k is the eleven-dimensional k as before. This can be rewritten in the
upstairs formalism by replacing [ [ = % J g1 - - - and appropriately identify-

1
2
the coeflicients. It is nevertheless customary to absorb this % in a redefinition

ing the fields so that the integrand is Zs-even. This introduces an extra 5 in

of k as

Ky = 2r% = 263 . (4.56)

iI47A is exactly what was called I~47¢ in [28].
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Then one has

1
SCS:_/ CNGANG,
12/{% M10><5'1
1
Sgs = ————7= G AN Xy, 4.57
Gs 22/3 (413 /M10><Sl 7 ( )

and the Chern—Simons term looks conventionally normalized. However, due
to the different dependence on x, the Green—Schwarz term, when written in
the upstairs formalism, has an extra factor of 272/3. This will be important
later on.

The factorized form (4.51) of the anomaly on each ten-plane is a nec-
essary condition to allow for local cancellation through inflow. Clearly,
the Iy 4 Xg-term has the right form to be cancelled through inflow from
the Green—Schwarz term, provided G satisfies a modified Bianchi identity
dG ~ > A=12 04 A1y 4, where 04 is a one-form Dirac distribution such that
fM10x51 §noyNoa = fM{% §(10) for any 10-form &(;g). This is equivalent to pre-
scribing a boundary value for G on the boundary planes in the down-stairs
approach. Such a modified Bianchi identity is indeed necessary to maintain
supersymmetry in the coupled 11-dimensional supergravity /10-dimensional
super-Yang-Mills system [5]. In principle, this allows us to deduce the co-

efficient —( on the right-hand side of the Bianchi identity in the upstairs
2

approach. It is given by —(4m)?5% where X is the (unknown) Yang-Mills

coupling constant.

Hence, we start with a Bianchi identity [5]

dG=—( > anIya. (4.58)
A=1,2
The variation of the Green—Schwarz term then is (recall 6 X7 = dX})

1

6Sas = — = G AdX}
@s 2B(Axr2) B a0t 6
¢ / 1
—— > IiaA XL (4.59)
22/3(47k?)1/3 ZA: Mg 6
Provided
¢ = 22B3Unkd)V/?, (4.60)

dSag corresponds to an invariant polynomial

IG5 == LianXs(Ra). (4.61)
A
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As promised, this cancels the part of the anomaly (4.51) involving Xg. More-
over, this cancellation is local, i.e. cancellation occurs on each plane sepa-
rately. We see that anomaly cancellation fixes the value of ¢ to be (4.60),
thereby determining the value of the 10-dimensional Yang—Mills coupling A
in terms of the 11-dimensional gravitational coupling . Although this latter
aspect has drawn some attention, one has to realize that the more interest-
ing relation between A and the 10-dimensional x1g involves the (unknown)
radius rg of the circle, similarly to the relation between the type IIA string
coupling constant and k.

To study anomaly inflow from the Chern—Simons term we have to solve
the Bianchi identity for G (as we did for the 5-brane). This involves sev-
eral subtleties, discussed at length in [28]. One important point was to
respect periodicity in the circle coordinate x'° € [—7rg, 7rg] which led to
the introduction of two periodic Zs-odd “step” functions e (21?) such that

e1(2'0) = sgn(210) — ;ETIE) and e3(21%) = €1 (21° £ rg). They satisfy
dxlO
“desg =64 — 4.62
2 €A A 27T’l“0 ( )
Regularizing €4 (and hence d4) properly gives
1
(5,463602 5(5,4 5BA(SCA; (4.63)

where dp4 and dca denote the Kronecker symbol. When solving the
Bianchi identity (4.58) one can (locally) trade terms geals s for terms

10
_ (5A — gﬁro) w3, 4, where

dwg a = I44, Sws A = dwy 4, (4.64)

since their difference is a total derivative (w3 4 is given in terms of the Chern—
Simons forms on M7} and has no dz'® component). This introduces an
arbitrary real parameter b into the solution,

dﬂj‘lo
G:dcfbg XA: <EAI4’A+W3’A/\7TT0) +(1-0)¢ zA:(SA/\w;g’A

:d(C—bg ZA:GAW&A) +¢ ZA:aAAw&A

Ed5+CZ5A/\W3,A~ (4.65)
A

Since G appears in the kinetic term ~ [ G A *G, as well as in the energy-
momentum tensor, it must be gauge and local Lorentz invariant, dG = 0.
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This is achieved if [28]

dLL’IO
_ 2 : 1 _ 2 : 1
6C—b< WQ’A/\T?TTO‘F(I b)( 5A/\w2,A
A=1,2 A
~ ¢
& 5C:d<—b2§A:eAw%7A —G—CEA:(SA/\W%’A. (4.66)

In [28] several arguments were given in favor of one particular value of
b, namely b = 1, since only then G is globally well-defined. Furthermore,
the higher Fourier modes of Cjp10 are gauge invariant only for this value of
b, which is a necessary condition for a safe truncation to the perturbative
heterotic string. Last, but not least, it is only for b = 1 that G has no
terms involving d 4 which would lead to divergent pieces in the kinetic term
| GA*G. Nevertheless, we will keep this parameter b for the time being and
show in the end that anomaly cancellation also requires b = 1.

Note that, although G # dC', we still have G = dC as long as we stay away
from the fixed planes. This motivates us to introduce a modified Chern—
Simons term similar to what was done in Section 5 for the 5-brane or in [4]
when discussing M-theory on singular Go-manifolds. We take

1
2
12RU

gcszf / 6/\G/\G, (4.67)
M10><Sl
which away from the fixed planes is just ~ [ C AdC AdC. Then

5Scg = SCAGAG

T 19,2 /
12liU Migx St

__ 1 /
].2/4,% M10><Sl

d(—ngA:eAw%’A) A2d6AgZC:50Aw3,C

+¢) dahwh 4 AAC AAC (4.68)
A

Note that we can freely integrate by parts (we assume that Mjo has no
boundary). Furthermore, since both §4 and dC = dB A dz'0 always contain
a dz'% on the r.h.s of Eq. (4.68) one can replace dC — —b% > pelan, so
that

~ 1 3
0Scg = — 3 b2 <C> / Z (2€A€B(SC+5A€BEC)W%,AAI4,B /\I47C .
12HU 4 M10><51A B.C

(4.69)
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The modified Chern—Simons term contributes three terms e ed. This factor
of 3 was absent in [28] where inflow from the unmodified Chern—Simons
term was computed. Also the result of [28] was obtained only after using
S g1 da'Psep = mro(6aB — %) which somewhat obscured the local character
of anomaly cancellation. Now, however, due to the explicit 4 one-forms,
the inflow from Scg is localized on the 10-planes M;{}. Using (4.63) we find

3
. 2 b* Z / W%,A NIgaNIya. (4.70)
U M

§Scs = —
48K ATo

Upon inserting the value of ¢, equation (4.60), we see that this corresponds
to an invariant polynomial

~AC T
IG5 = —p? 3 S 13, (4.71)
A=1,2

This cancels the remaining piece of the anomaly (4.51) precisely if
b =1. (4.72)

As already mentioned there are many other arguments in favor of b = 1,
but now we can conclude that also anomaly cancellation on S1/Zy requires
b =1, as argued in [28].)

Thus we have shown that all the anomalies are cancelled locally through
inflow from the Green-Schwarz¥ and (modified) Chern-Simons terms with
exactly the same coefficients as already selected from cancellation of the
5-brane anomalies.

4.3.3. Small radius limit and the heterotic anomaly cancelling term

Finally, it is easy to show that in the small radius limit (rp — 0) the sum
Scs + §cg exactly reproduces the heterotic Green—Schwarz term. In this
limit Xg(R) and X7(R) are independent of z!° and have no dz'® compo-
nents. From C' = B A dz'% and 6C given in (4.66) we identify the correctly

JIn [28] inflow from the unmodified Chern—Simons term was computed. This is three times smaller
than (4.70). Also the factor 22/3 in ¢ was missing, so that the overall inflow §Scg appeared 12
times smaller. This discrepancy remained unnoticed since the anomaly cancellation condition was

5, .42 2
expressed as “7?27;617 = 1. It is only after relating 2—2 to the coefficient of the Green—Schwarz
5, 4 2
term that one can use % =1 and then % =1 clearly is in conflict with b = 1.

kIt is interesting to note that Sgg = — 23173 me %51 C A Xg would have led to the same
U

-1
22/3 (47K
result.
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normalized heterotic B-field as the zero mode of B times @QWTO ,
47)? -
B= (?/ BAde,  §B=n)?Y wha=whyy —wi,  (4.73)
Sl

A

where w%y v and wi ; are related to tr F? + tr F§ and tr R? via descent.
Next, using (4.65) and (4.60), the Green—Schwarz term (4.57) gives in the
small radius limit
1
Sas — ——5 / (dB —wsym +ws.r) A X7
(47[')2 Mo

1 / 1
= —— B/\Xg—/ W3 YM — W3,L ANX7. (4.74
(47)2 Jang (4m)? Mm( ) @)

The second term is an irrelevant local counterterm; its gauge and local
Lorentz variation corresponds to a vanishing Ijo. Such terms can always
be added and subtracted. The modified Chern-Simons term (4.67) gives
(using (4.65) with b =1, (4.60), (4.73) and integrating by parts on M)

s 2w
(B VAN 14714 A\ I47B — ?W&A VAN I47B VAN Zw37c>

GE Jane \(47)° c
dxlO
X . 4.75
/g1 cAch 2T To ( )
Using the relation
dz' 1 1
== |dup— = 4.76
/SleA €B 271'7’0 2<AB 3) ( )
we get
~ 1 T, 9
Scs — @ /)y, B A 3 (Ii1 + 15 — Iialap)
10
2 1 1
- (w31 + w3 2) <w3,1f4,1 +wzolyo — §w3,1f4,2 — 2w3,2f4,1> :
Mo
(4.77)

Again, the second term is an irrelevant counterterm. Summing (4.74) and
(4.77) we arrive at (cf. (4.53))

1

@2 s B A Xs(R, F1, F>) + local counterterms,

(4.78)

Sas + Scs — Shet = —
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where Xg(R, F1, Fy) is the standard heterotic 8-form given in (4.54). Equa-
tion (4.78) is the correctly normalized heterotic anomaly-cancelling term.!

5. Concluding remarks: Brane World Cosmologies, etc

We have studied anomaly cancellation by inflow from the bulk in two very
different settings: the low-dimensional example of the Quantum Hall Effect
and the high-dimensional examples of M-theory. There are certainly many
other examples one could cite and study. One particularly interesting case
are brane-world cosmologies. Here one has a 4-dimensional Minkowski mani-
fold that is a “brane” embedded in a higher-dimensional manifold. Usually it
is considered that the standard-model fields only live on the brane and only
gravity propagates in the bulk. More sophisticated versions based on super-
gravity will also have certain gauge fields in the bulk and one can then study
in the same way inflow of gauge and gauge-gravitational anomalies into the
brane. This is somewhat reminiscent of what happens in the AdS/CFT cor-
respondence where the five-dimensional AdS5 supergravity has SU(4) gauge
fields and its action precisely involves a Chern—Simons term. On the bound-
ary of AdSs lives the CFT, namely the N = 4 super Yang—Mills theory with
a global R-symmetry SU(4) which is anomalous. In this case, however, the
non-invariance of the 5-dimensional Chern—Simons term does not provide
an anomaly cancelling inflow, but explains the global SU(4) anomaly of the
CFEFT (see e.g. [29]). The mathematics is the same, but its interpretation is
different. In brane world scenarios, on the other hand, anomaly cancellation
may be a valuable constraint.
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'In order to facilitate comparison with [12] we note that Xg = XgSW, and Spe; as given

1
(2m)341
in (4.78) exactly equals minus the expression given in [12]. The missing minus sign in [12] is due
to a sign error related to the subtle issues of orientation, and is corrected e.g. when using the

anomaly polynomials as given in [14].
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